FUNCTIONS OF COMPLEX VARIABLE I

ANDREY NIKOLAEV

These notes approximately follow Markushevich “Theory of Functions of a Com-

plex Variable”, Volumes 1, 2.

Special thanks to Misha Sergeyev for pointing out a number of typos. There are

probably a few of those still remaining. Use with caution.
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1.1.3 (partially), 1.2.4, 1.2.5, 1.2.6.

1.1. A bit of history. Complex numbers did not appear because someone really
wanted to solve the equation z2 = —1. No solution, no problem, nobody cares,
end of story. Instead, they came into consideration (around 16th century, Italy)
when someone was interested in questions that were formulated in terms of real
numbers and had answers in terms of real numbers, but required going outside of
real number system in order to obtain those answers. The question was simple:
solve a cubic equation x® + ax? + bx + ¢ = 0. Without worrying too much about
details (like whether a, b, ¢ are real, integer, complex, or something else), let’s see
how the solution goes.
First of all, the substitution x = y — ¢ eliminates the quadratic term:
B rar +brt+c = (y-— ) taly—$)P+bly— %) +c=
= - wE (3 - () +
a(y® —2y§ +(5)) +b(y — §) +
v’ +py+a.
with appropriate p, g. Therefore, it suffices to solve the latter cubic equation (called
a depressed cubic). Make another substitution y = a + f:
(a+B8)°+pla+B)+q = o®+3a?8+3aB>+ B +pla+B)+q=
= &®+8°+3aB(a+B)+pla+B)+q=
= >+ 84+Baf+p)a+p8) +q.
Since for each given y we have freedom in choosing «, 3, as long as o + 8 = y, we
impose an additional condition: 3ag + p = 0, which gives us the equation

a®+ B8 +0-(a+B)+qg=a*+ 5 +q=0.
So if we manage to solve the system

{ af =—p/3,

_|_

Ol3+ﬁ3:—

then we can immediately express the solution as o + 8. Raising first equation to
third power, we get a system
3

303 _ P
a’f’ = o7
o’ + 4= —q

on o, 3. Solutions of such system are roots of the quadratic equation u? 4 qu — 72’—;,
which can be easily found:

Recall that y = a4 3, so

PR =

This formula is called Cardano’s formula (it wasn’t Cardano who came up with
this, though).
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We skipped quite a few details in the above argument, but let’s just see how this
works on a specific example. Consider the equation 3> — 15y —4 = 0. By the above
formula we get that the number

oA 18 a4 82 15
Yo = 2 14 27 2 4 o7 T
€/—2—\/—121+€/—2+\/—12 -

- {‘/—2 — 11V -1+ Q/—Q 411V

is a solution. This looks like some complex number. One problem, though: 4 is a
root of y3 — 15y —4. Is the above actually equal to 4?7 Maybe this equation has some
complex roots, and this is one of them? Actually, it is not hard to see that all three
roots of y3 — 15y — 4 are real, either by expressing y> — 15y —4 = (y—4)(y* —4y+1)
and solving the quadratic, or by taking the derivative (y® — 15y — 4)" and looking
where local extrema of > — 15y — 4 are. So the above expression is actually a real
number.

(One might argue that we don’t really need this complicated procedure, since
we could just guess the root 4. However, for example, y> — 6y + 2 has three not
easily guessable real roots and also has negative number under the square root in
Cardano’s formula.)

So here is the punchline: we asked a question about real numbers, the question
has three real numbers as an answer, but to get this answer we need complex
numbers. That is why complex numbers (gradually and slowly) became recognized
as a valid object: despite looking really suspicious to a lot of mathematicianﬂ they
were successfully used to deal with questions that seemingly had anything to do
only with the real number system.

1.2. Basic Definitions. Geometry of C.

Definition 1. Complex numbers are expressions of the form

a+ b,
with a,b € R and i?> = —1, treated as binomials a + bx, except that rule
P?=-1,=—ii*=1,=1,...

is used to eliminate any powers of © higher than the first. Set of complexr numbers
is denoted by C.

There are other, easily equivalent, definitions that appear to be more formal.

e={( % 1) aven).

Definition 3. C is a set {(a,b)|a,b € R} with operations
(a1,b1) + (az,b2) = (a1 + az, b1 + bz)

Definition 2.

and
(a1,b1) - (a2,b2) = (a1a2 — biba, a1ba + asby).

INot without reason. “1 = /1 = y/(—1)(=1) = /—1v/—1 =i-i = —1.” Huh?
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Definition 4. C is a quotient ring R[x]/(x2 +1)-

The number ¢ is called the imaginary unit. For z € C, z = a + bi, the real
number « is called the real part of z, and the real number b is called the imaginary
part of z. Notation: a = Rez, b =Im z.

Regardless of which definition one prefers, one can also think of complex numbers
as points or vectors on a Euclidian plane: a + bi <> (a,b).

For a complex number z = a + bi, its modulus, or absolute value is the length of

the corresponding vector:
|z| = Va2 + b2

If z is a nonzero complex number, so the corresponding vector has nonzero length,
denote ¢ to be an angle between z-axis of Euclidean plane and vector corresponding
to z. Then x = |z| - cosp and y = |z| - sin . Note that such ¢ is only defined up to
2mn. For a given z € C, the set of all such values of ¢ is called the argument of z
and denoted Arg z, so

Argz={...,p—4dm, o — 2w, ¢, 0+ 2w, o+ 4m,...}.

An angle ¢ € Argz such that —m < ¢ < 7 is called the principal value of
argument of z and denoted ¢ = arg z.

When it does not lead to ambiguity, we will abuse terminology and say ¢ = Argz
instead of ¢ € Argz.

If |z| =7, ¢ € Arg z, we have

z =r(cosp +isingp).

The latter expression is called the trigonometric form of the complex number z.
Note that for z = r(cos ¢ + isin ), w = s(cos ) + isint)), we have

(2)  zw =rs(cosp + ising)(costh + isint) = rs(cos(p + ) + isin(p + ¥)).

In other words, |zw| = |z| - |w|, and Arg (zw) = Arg(z) + Arg (w). However, note
that in general it is not true that arg (zw) = arg (z) + arg (w).
The following special case

(3) (cosp +isinp)™ = cosnp + isinne

of (2] is called De Moivre’s formula.
Another notation for the trigonometric form is z = re*?, where (at this point of
the course) e'? is merely a notation for

€'Y = cos p + isin p.

1.2.1. Geometric interpretation of complexr multiplication. Note that if we fix 2y €
C, zg # 0, and multiply every complex number by zg, the following will happen.
First of all, all distances get multiplied by |zo|; indeed, distance between z1, 25 is
|za — 21|, and after multiplication it is |z922 — 2021/, which is equal to |zg| - |22 —
z1|. Second, every line passing through origin is rotated by Argzy. Therefore,
geometrically multiplication by zq is rotation by Arg zg and dilatation by a factor
of |zp|.
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1.2.2. C as a vector space. One may also view C as a two-dimensional vector space
over R. Notice that the linear operator of multiplication by a + bi,

x4+ iy — (a+ bi)(z +iy),

in the basis 1,7 has precisely the matrix

(50)

which explains where Definition [2| comes from. Also, observe that for z = a + bi,
the determinant of the corresponding matrix is a? + b? = |z|?, which of course
was inevitable since the determinant of an operator is the coefficient by which the
operator distorts the volume (in this case, area).

1.3. Algebraic properties of C. C is a field with respect to addition and multi-
plication, that is, the following nine axioms hold:

(Al) z4+w=w+ z for all z,w € C,

(A2) (z+w)4+u=z+ (w+u) for all z,w,u € C,

(A3) there exists 0 € Cs.t. 0+ 2z=2z+0=z for all z € C,

(A4) for each z € C there exists an element —z s.t. z+ (—2) = (—2) + 2 =0,
(M1) zw = wz for all z,w € C,

(M2) (zw)u = z(wu) for all z,w,u € C,

(M3) there exists 1€ Cs.t. 1-2=2-1=zforall z € C,

(M4) for each z # 0 in C there exists an element 1/z s.t. z-(1/2) = (1/2)-2 =1,

(D) z(w+u) = 2w+ zu and (w + u)z = wz + uz for all z,w,u € C.
Note that Definition [I] does not change if we replace i with j = —i. Therefore,
the mapping
T4yt —x—yi

is an automorphism of C (that preserves R). This mapping is called the complex
conjugation and denoted zZ = x — yi. The number Z is called the complex conjugate
of z. In other words, for any z,w € C,

Zw=7%-W, Ztw=7zZ+w.
If replacing ¢ with —¢ is not convincing, one can, of course, check the two latter
equalities explicitly.
Note that 2z = |z|?, which is a non-negative real number. Using this, one

can prove M4 (other properties A1-A4, M1-M3, D are either obvious, or checked
straightforwardly). If 2 + yi # 0, that is 2% + y? # 0, we have
1 T — Y _x—yr T -y .
r+yi  (r+yi)(z—yi) 22+y2 2242 * 2+
One can easily show that |z| is actually a norm (on C as a vector space over R).
In particular

|21 + 22| < 21| + |22
(if you are not comfortable with the notion of norm, this inequality equally well
follows from the observation that |z| is just the Euclidean the length of the corre-
sponding vector).
Another useful thing to keep in mind is that real and imaginary parts of z € C
can be easily expressed through z and Z,

1 1
Rez = §(z+2), Imz = 2—@(2 —2).
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1.3.1. Order on C. There is no order on C that agrees with arithmetic operations.
In fact, there is no order that agrees with just the multiplication. Indeed, suppose
we have a way of assigning some complex numbers z to be positive, denoted z > 0,
so that two things take place:

(1) For each z, either z =0, or z > 0, or —z > 0 (exclusively).
(2) For each z; > 0 and 2z > 0, it follows that 2129 > 0.
Then either i > 0, so by (2) we have —1 = i%> > 0, or —i > 0, so —1 = (—i)? > 0.
But for the same reason 1 = 12 = (=1)2 > 0, so both =1 > 0 and 1 > 0,
contradicting (1).
(If you are curios about proper definition of order, look it up in any analysis or
algebra textbook.)

1.4. Complex roots. Consider the equation

2" =w,
where w is a fixed complex number, n is a positive integer, and z is the unknown.
Put

w = R(cosa+isina), z=r(cosp+isingp).
Then by De Moivre’s formula , or just by , we have
r"*(cosnp +isinng) = R(cosa + isina),
sor= VR (just an arithmetic root of a positive number), and
ne = o+ 27k.

Therefore, there are n possible values for ¢ that result in different solutions:

a  27j
TR

where j runs from 0 to n — 1. So the set
{ VR(cos o + isingy), VR(cos 1 +ising:), ..., VR(cos g, 1 +isin @n_l)}

is the set of all roots of degree n of w. Note that if we try to construct a continuous
square root function on C, then as we go from 1 + i to 1 — i counterclockwise
along unit circle, value of square root will change to the opposite, delivering a
discontinuity.

Another issue with taking roots is apparent when we, for example, look at Car-
dano’s formula . The expression in that formula has form /A + V/B. At the
first glance, this gives 3-3 = 9 different numbers, while only 3 of them are actually
solutions of the original equation.

There is no easy way to fix these issues. Possible ways are:

(1) use multiple-valued functions,
(2) use so called Riemann surfaces instead of C as a domain,
(3) only define roots on pieces of C that do not “go around 0”.

In this course, we will be mainly restricted to the latter option, but we will probably
make a stab at some particular cases of (2) in the end of the course.
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1.4.1. Roots of 1. (Technically this was in Lecture 2.) Note that all degree n roots
of a number w = R(cos « + isin & can be written as

2 = VR(cos(% + Z1) +isin($ + 22) = 206,

n

where &; = cos 2% + isin 2% Observe that &; are degree n roots of 1. Moreover,

&= &9, where € = & = cos 27”4—2' sin 27” is the nth degree root of 1 with the smallest
positive argument. So, all nth degree roots of w can be written as z; = &7,
7=0,...,n—1.

As an illustration of computations with roots of 1, consider all roots 1 = &g, &1,
€a,...,&,—1 of degree n of 1. Let £ be as above, then ¢; = &/. Find

I+&+8&+ - +&-1=05.
Note that S =&+ €2+ €34+ 4+ 14" =65, So
£5=25,

hence £ =1 or S = 0. The former is impossible since £ has nonzero argument, so
S =0.

Lecture 2. STEREOGRAPHIC PROJECTION. THE EXTENDED COMPLEX PLANE.
THE MAPPING 1/z

January 25, 2017
Relevant Sections in Markushevich:
1.3.9 (partially), 1.3.12 (partially), 1.5.20-24.

2.1. Equation of a generalized circle.

2.1.1. Equation of a straight line. Note that a vertical straight line is defined by
the equation z+2z = D, where D € R. Given an arbitrary straight line, multiplying
variable z by some number zy, we get a vertical straight line in w-plane, where
w = zgz. Therefore, equation of an arbitrary straight line is zzg + ZZg = D. After
renaming variables we get that the equation of a straight line has the form

(4) Ez+Ez—- D=0,
where £ € C, D € R.
2.1.2. Equation of a circle. Note that a circle on C is described by the equation
|z — 20| = R.
Rewrite it as
|z — 20]? = R,

or

(z — 20)(z — 20) = R?,

27 — 20Z — Zpz + 2% — R2 = 0.

Renaming variables, we get

2Z—FEz—Ez+ D=0,
where E¥ € C and D € R. To accommodate straight lines , change this equation

to

(5) A2zz— Ez—Ez+ D =0,
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where F € C and A, D € R. The equation describes, depending on parameters,
an arbitrary straight line or an arbitrary circle. Together, straight lines and circles
are called generalized circles. To explain this choice of terminology, think of a really
large circles: close up a piece of a large circle looks almost like a straight line. So,
one can think of a straight line as circle that “passes through infinity”. Later on
we will give precise meaning to these words.

2.2. Stereographic Projection. Let complex plane C be the zy-plane in R3.
Consider sphere ¥ of radius 1 centered at origin. Denote its north pole by N and
its south pole by S. Then the central projection ¢ : ¥ — C centered at N provides
a bijection between X with N deleted and C. (See Fig.[I]) This mapping is called
the stereographic projection. The sphere ¥ is usually called the Riemann sphere.

FIGURE 1. Stereographic projection.

Let @Q € X, and let (p, \) be spherical (geographic) coordinates on ¥. That is,
@ is latitude, measured from equator, and A is longitude, measured from principal
meridian (the one passing through z-axis). Let P be the point on the complex plane
that @ = (¢, A) is projected to. Let z be the complex number that corresponds to
the point P. Then one can show that

z = tan (% + %) (cos A+ isin ).
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(For example, by inspecting triangle ON P and the isosceles triangle ONQ.) Also,
one can see that (you might remember this from three dimensional calculus)
£ =cospcosA, mn=-cospsinA, ( =sinA.
Either from inspecting triangle ON P, or from trigonometry one can see that

— 9
xr = ﬁ,
¥y = i<
Here, (£, 7,() are Cartesian coordinates of @ and z = x + iy.
It follows (for example, by squaring the equalities above and solving for ¢, taking
into account £2 4+ 2 + ¢2 = 1) that

§ _ 2x
T2yl
— 2y
n o = 24y24+17
¢ = 22 4y?—1
T x24y?41

Theorem 1. Stereographic projection preserves generalized circles. That is, image
of a circle on the Riemann sphere is a circle or a straight line on the complex plane.

Proof. Let’s inspect image of a circle under stereographic projection. Note that
circle on X is a section of ¥ with a plane, that is a collection of points (§,7,() of ¥
that satisfy
AE+Bn+C(+ D =0.
Plugging in expressions for &, 7,  through x,y, we get
A 2z B 2y 2+ -1
r2+y?+1 2 +y? + 1 2 +y?+1

+D=0,

or
24z + 2Bz + (D + O)(a? +y*) + (D —-C) =0
If D = —C, the latter is an equation of a straight line. Note that D = —C when
plane defining circle on B has equation of the form A + Bn+ C(¢ — 1) = 0, that
is it passes through (0,0,1) = N.
If D # —C, then this is an equation of a circle. O

2.2.1. Reminder: angle between curves.
Definition 5. A curve in R"™ is a continuous map =y : [a,b] — R™.

The image of ~ is often called curve, too. When there is need to distinguish
between different curves with the same image, different functions v are referred to
as parameterizations.

A curve (for simplicity, in R?) passing through a point P is said to have a tangent
at P, or to be regular at P, if there is a parametrization (£(t),n(t),(t)) such that

(') + (' (1) + (C'(1)* # 0
at the value of parameter ¢ corresponding to P. In this event, vector (&'(t),n'(¢), (' (t))
(again, with t that corresponds to P) is called a tangent vector to -y at P.
Note that differentiability of (£(t),n(t),((t)) at this value of ¢ is not a sufficient
condition for having a tangent.
If 71,2 are two curves that pass through P and both have tangents at P, then
by definition, angle between v, and 7, is the angle between their tangents at P.
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2.2.2. Stereographic projection preserves angles. Let @ = (£,71,() and let v be a
curve on Y. that passes through @ and has a tangent at Q. Let (£(¢),n(t),{(t)) be
an appropriate parametrization of . Then, as we mentioned earlier,

€T =

1—¢(t)”
— _n@)
T 1=¢(®)?
0
2 = Um0
1 n(1=0+¢'n
Y a-o7

Using that €2 +n? = 1—(? (since (£,7,¢) is a point on the sphere X), and therefore
&' +nn’ 4+ (¢’ =0, by a direct calculation we get that

2 2 2
2 /225/ +n"+

(1-¢)?
Theorem 2. Under stereographic projection, the angle between any two curves on

the Riemann sphere Y equals the angle between the images of the curves in the
complex plane, and conversely.

ty

Proof. Let « be the angle between two curves (x1(t),y1(t)) and (x2(t),y2(t)) at
point P = (x,y) on a complex plane (it is of course assumed that the curves
are regular (have a tangent) at P). Let § be the angle between their preimages

(&1(0),m (1), 1 (1)) and (E2(t),ma (1), Ca(#)) at the preimage Q = (€,7,¢) of P under
stereographic projection.

i . 2 2 .
Then using expressions for z}, y; and x,” + y.” that we got above, we obtain

215 +Y1 ) _
V@l
_ EA-0+GOEA-0+¢GO)+m A=)+ s (1=O)+¢m) _
(1=0)21/€1 240, 2+, 2\ /€L 2+ 2+ (42
(€165 +m1m5) (1=0) 2+ (€61 +nm1) ¢ (1 =)+ (€€ +mm5) (T (1) +¢1 G5 (E24n?) _
(1=0)2\/€ 24012+ 2/ €52 52 +C52
(using €2 +n® =1 — ¢* and £ + nm; = —(¢})
_ (@& nny) (-0 (=66 (- +(=¢65)¢ (-0 +¢1 6 (1=¢7)
(=2 40, >+ 6 s +G5 2
(61854 m5) 1= +¢1¢5(=¢(1-0)—=¢(1=Q)+1-¢") _
(1=0) 2\ /&2 012+ 262 +np 2+
_ (€& +mns) 1-02+¢1¢(1-0%)
(1= /€ 224G 2y €7
§165+mmy+¢i¢) _
Va0 2+ s +G7
= cosp.

cosax =

O

REMARK. In most textbooks, stereographic projection shoots the other way
than in these lectures, that is from the complex plane to Riemann sphere. Does
not make any substantial difference, but be aware.

REMARK. Sometimes, instead of the sphere 2% + y2 4+ 22 = 1, the sphere
2 +y?+(z—3)? = 1 is considered in the stereographic projection (and also called

the Riemann sphere).
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2.3. Limits of functions and sequences in C. Convergence of sequences in C
and limits of functions C — C carry straightforwardly from R2.

For example, a sequence (z,) in C converges to w € C if it is converges to w as
a sequence in R?. Equivalently, we say that nh_)ng<> 2z, =w if Ve > 03N € NVn >
N, |z, —w| <e.

Similarly, we say that a function f : C — C has a limit w at zg if it has the
same limit as a function R2 — R2. Equivalently, we say that zli_>1121 f(z) = wif

0

Ve >03§>0Vz, if 0 < |z — 20| <9, then |f(z) —w| <e.
Once limits of functions are defined, continuity of functions is defined in a usual
way.

2.4. Extended complex plane C. Note that as Q approaches the north pole N
on the Riemann sphere, the absolute value of image of ) approaches infinity. It is
convenient to add a point oo to the complex plane C, C = C U {oco} and say that
stereographic projection sends N to co € C. C is called the extended complex plane.

To be more precise, we add a new point, denoted by oo, and explain what it has
to do with other points, or, more specifically, we explain how convergence works on

C. There is a number of ways to do that. Any of below suffices.

e Convergence on C is determined by convergence on X via the stereographic
projection. For example, for f : C—C converges to w € Catz €C
if g=0"1tofoo:% — ¥ converges to o~ !(w) at o~ 1(z0) (recall that
o : ¥ — C is the stereographic projection).

Similarly, (z,) in C converges to w if (07'(z,)) converges to o~ !(w)
on .

e (Optional.) The same in different words: one then can think of stereo-
graphic projection as a homeomorphism between ¥ and C, which induces
topology on C.

e (Optional.) One can say that the topology on C is organized by saying that
open neighborhoods of co are the sets of the form {oo} UC\ K, where K
runs through all compact (closed and bounded) subsets of C. This is an
example of the procedure generally called one-point compactification.

Whichever you prefer, it gives a unified way to look at finite limits, infinite limits
and limits at infinity. For example, a sequence (z,) converges to oo if and only if
Ve > 03N € NV¥n > N, |z,| > €. As another example, f(z) has limit w as z — 0o
ifVe > 036 >0V|z| >4, |f(z) —w| < e. All other combinations (infinite limit of a
function, infinite limit at infinity) are defined similarly.

Now the stereographic projection o is a map ¥ — C. It is a bijection (and,
moreover, continuous in both directions).

We also would like to define (at least some) arithmetic operations with co. One
way to do that is to consider the set of all convergent sequences in C and introduce
the following equivalence relation: (z,) ~ (wy) if lim(z,) = lim(w,). Then the
equivalence classes are in one-to-one correspondence with complex numbers. We
add one more equivalence class: sequences that go to infinity, i.e. such sequences
(zn) that Ve > 0 3N € NVn > N,|z,| > e. This new equivalence class is denoted
by oo and called infinity.

This approach allows to easily define arithmetic operations on C: for z,w € C
we do the needed arithmetic operation on the corresponding sequences (z,), (wy ),
and if the result is the same regardless of choice of (z,), (wy,), then the operation
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is well-defined. This allows to define z - co = 0o (if z # 0), 2/0 = oo (2 # 0),
z 4+ 00 =00 (z # 00), etc. Note that, for example, co 4+ oo is not defined. Indeed,
00 + 0o can be represented as lim((n) + (n)) = oo or as lim((n) + (—n) = 0.

2.5. The mapping % Now, consider the rotation p of the sphere ¥ about z-axis
by the angle w. Under this rotation, a point with spherical coordinates (p, A) goes
to (—p, —A). If z corresponds to (¢, A) under the stereographic projection, then for
the point w that corresponds to (—¢, —A) we have (see formula in Sec.

1 1

T P .
:t(———) S\ —isin\) = =
e VI (cos isin) tan(f + %)(cos A +isin\)  z

Note that this equality includes that cases z = 0,w = oo and z = oco,w = 0.
Therefore, denoting stereographic projection by o, we have that the map

— —1 J—
Cisy -2y - 5C

is precisely the complex inversion map: z — w = 1/z. Since rotation of a sphere
clearly preserves circles and angles, we immediately get the following statement.

Theorem 3. Map C — C that sends z — 1/z preserves generalized circles (i.e.
circles and straight lines) and angles between curves on the extended plane C.

Note that the part about generalized circles can be easily obtained by inspecting
equation of a generalized circle and plugging in z = 1/w:

Azz—Ez—Ez+ D =0,

ALL_pl_plip—y,

1
w

SIS

1
Dww — Ew — Ew+ A= 0.
Inspecting the above equation we see the following:

e Circles (A # 0) that do not pass through 0 (D # 0) go to circles that do
not pass through 0.

e Circles (A # 0) that pass through 0 (D = 0) go to straight lines that do
not pass through 0.

e Conversely, straight lines (A = 0) that do not pass through 0 (D # 0) go
to circles that pass through 0.

e Straight lines (A = 0) that pass through 0 (D = 0) go to straight lines that
pass through 0.

Lecture 3. MOBIUS TRANSFORMATIONS. COMPLEX DERIVATIVE. POLYNOMIALS

February 1, 2017
Relevant Sections in Markushevich:
1.7.28-30, 1.8.31-34, 1.9.35.

Maps that preserve angles between curves are called conformal. So far we’ve
shown that the stereographic projection and % are conformal maps.
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3.1. Mdbius transformations. Besides 1/z, we consider two more conformal
maps of extended complex plane:

(1) 2z —=1/z,

(2) 2= z+¢ ceC,

(3) z—az, 0#acC.
The second map is a translation, so it clearly preserves generalized circles and is
conformal. The map z — az is a composition of dilatation with coefficient |a| and
rotation about origin by the angle Arga, and so it also preserves generalized circles
and is conformal. Finally, note that all three maps are bijections of C.

Definition 6. Maps of the form f(z) = ‘jzzis, a,b,c,d € C, ad—bc # 0, are called

Mobius transformations of the extended complex plane.

Theorem 4. Let a,b,c,d € C, and ad — bc # 0. Then the Mébius transformation
f:C — C defined by

az+b
are bijections that preserve generalized circles (i.e. circles and straight lines) and
angles between curves on the extended plane C.

Proof. To prove this theorem, it is enough to note that

f(z):az—l—b_a b—ad/c

cz+d ¢ cz+d’
so f is a composition of maps Li(z) = cz+d, A(z) = 1/z, La(z) = 2 + (b—ad/c)z:
f(2) = La(A(L1(2)))-
Maps L; and A are of the types listed above (mog exactly, L; are easy compositions

of types 2 and 3), and so f preserves circles on C, preserves angles between curves
and is a bijection. O

Theorem 5. Let f, g be Mébius transformations. Then fog and f~' are Mébius
transformations.

Proof. (In other words, Mobius transformations form a group.) Since f and g are
compositions of maps of the types (1)—(3) above, to prove this theorem, it is enough
to consider f(z) =1/z, f(z) = z+ ¢, f(z) = az, which is an easy check. O

REMARK. For each Mdbius transformation f, we can consider a matrix whose
entries are coefficients of f:

az+b a b
f(z)_cz—i—d > A_<c d>'

(There is one detail: the matrix A above is only defined up to multiplication by
a constant.) One can check that taking a composition of M&bius transformations
corresponds to the usual multiplication of respective matrices. In other words, if f
has matrix A, and g has matrix B, one can check that the composition f o g has
matrix AB. In particular, under this observation another proof of Theorem [5| is
clear, since det AB = det Adet B.

A “sciency” way to say this is that the group of Mobius transformations is
isomorphic to PSLy(C), the projective special linear group over C, i.e., the group of
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2 X2 non—degenerateﬂ matrices over C, considered up to a complex multiplicative
constant.

Theorem 6. Let 21, 25, 23 € C be distinct, and let wy, ws, w3 € C be distinct. Then
there exists a Mobius transformation f such that f(z1) = wy, f(z2) = wa, f(z3) =
wsz. Moreover, such f is unique.

Proof. Since inverse to a Mdbius transformation is a Mobius transformation, it is
enough to find g such that g(z1) =0, g(22) = 1,9(z3) = co. Note that the map

(z — 21)(22 — 23)

(2 — 23)(22 — 21)

does exactly that. So let g be as above and & similarly send wq, w2, ws to 0,1, co,
respectively. Then, by Theorem [5| f = h~! o g is the required Mobius transforma-
tion.

To show uniqueness, observe that if there two distinct Mobius transformations
f1, fo that send z; to w;, then ho f1, ho fs are two distinct Mobius transformations
that send z1, 29, 23 to 0, 1, 0o, respectively. Inspecting the above displayed formula,
we see that such Mobius transformation is unique.

g(2) =

O

REMARK. Based on the proof above, one can also write out explicit formula for
f such that f(z) =w;, i = 1,2,3, but it is rather long.

3.2. Complex differentiable functions. Cauchy—Riemann Equations.

Definition 7. Let f be a complex function defined in a neighborhood of zy € C.
Then f is called complex differentiable at zo if there exists limit

lim M = L.

Z—r20 Z— 20

Definition 8. Let f be a complex function defined in a neighborhood of zy € C.
Then f is called complex differentiable at zg if f can be expressed as

Af =LAz + eAz,

where Af = f(2) — f(20), Az =z — 29, L € C, and ¢ is a function s.t. € — 0 as
Az — 0.

In this event, L is called the value of derivative of f at zg and denoted L = f'(2y),
L= ().

As we know from calculus/real analysis/mathematical analysis, these two defini-
tion are equivalent (one can pass from Def. [§to Def. E by simply dividing the latter
displayed formula by Az, and other way around by putting ¢ = %ﬁz“) —L).

Functions that are complex differentiable on the whole complex plane C are
called entire.

[The following terms were not introduced in this lecture, we will introduce them
later. Functions, complex differentiable on an open set D, are also called holomor-
phic, or analytic on D. We say that the function f is analytic at a point zq if f is
analytic on a neighborhood of zg.]

Complex differentiation satisfies all normal properties of derivative:

2Generally, there is a difference between PSL and PGL, but not over C.
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(1) differentiation is a linear operator, that is if f, g are complex differentiable
at zg € C and o, 8 € C, then af + (g is complex differentiable at zy and
(af +B9) = af + By at 2.

(2) product rule takes place, that is if f, g are complex differentiable at zy € C,
then so is fg and (fg)' = f'g + fg’ at zo.

(3) chain rule takes place, that is if g is differentiable at zg € C, and f is
differentiable at f(29), then fog is differentiable at zg and (fog)’ = f'og-g’
at zg.

(4) derivative of inverse function rule takes place, that is if one-to-one f is dif-
ferentiable at zg and f/(zg) # 0, then the inverse function g is differentiable
at wo = f(20) and ¢'(wo) = 1/f'(20).

Any function C — C can be viewed as a function R? — R? by considering
flx + iy) = u(x,y) + w(x,y). The following theorem describes the difference
between complex differentiability and real differentiability as a function R? — R2.

Theorem 7. (Cauchy-Riemann equations) Let f(z) = u(x,y) +iv(z,y) be a com-
plex function of z = x + iy defined in a neighborhood of zo. Then f is complex
differentiable at zo if and only if u(z,y), v(z,y) are differentiable functions of (x,y)
and

ou Ov ou ov

g oy oy or
at 2g.
Proof. Prove “complex differentiable = Cauchy-Riemann equations”. Let
Af =LAz +eAz,
where L = a + bi, Az = Ax +iAy. Then
Af = (a+bi)(Az +iAy) +eAz,
SO
Au+ iAv = (aAz — bAy) + i(aAy + bAzx) + Az,

Comparing Re and Im on right and left sides, we get
Au = aAzx — bAy + &1|(Az, Ay)],
Av = aAy + bAx + es|(Ax, Ay)|,

which exactly means that u, v are differentiable and

Ju ov  OJu b v

—_— =g = — _— = )= ——.

Ox oy’ Oy Ox
To prove the other direction of the theorem, one only has to perform this argument
in reverse direction. [

Following the notation above, we have f/(z9) = a + bi, so using expressions for
a,b above we get

G ou v ou 0w ov 00 v ou
dz Ox or Ox Jdy 0Oy or Oy dy
EXAMPLES
(1) f(z) =1 is complex differentiable and f’(z) = 0.
(2) f(z) = z is complex differentiable and f'(z) =1



FUNCTIONS OF COMPLEX VARIABLE I 17

(3) f(2) = €*(cosy + isiny) is complex differentiable and f'(z) = f(z). The
function f is called the exponential function and denoted f(z) = e*
exp(z). We will learn more about this function later.

(4) f(z) = x is not complex differentiable anywhere (Cauchy—Riemann equa-
tions fail at every point).

(5) f(2) = |z|? = 2z is only complex differentiable at z = 0 (Cauchy-Riemann
equations fail at z # 0).

To elaborate on the latter two examples, note that if a complex function f is
differentiable as a function R? — R?, then substituting Az = (Az + AZz)/2, Ay =
(Az — AZ)/2i, we can get that

Af = ANz + BAZ +eAz.

The coefficients A, B can be viewed as formal partial derivatives by z, Z, respec-
tively. One can see that f being complex differentiable is equivalent to B = % =0.
Note that in the latter two examples we have % = 6(;;;) =1/2+#0, and % =2z,
which is 0 precisely if z = 0.

3.3. Geometric interpretation of the complex derivative.

3.3.1. Geometric interpretation of Arg f'. Suppose A(t) is a curve [—¢, ] — C such
that A'(0) # 0, A(0) = z9. Consider function f : U — C, where U C C is a
neighborhood of zy, such that f’(zg) # 0.

Find tangent to the curve A(t) = f(A(¢)) at f(20):

A'(0) = f/(A0)) - N'(0) = f'(20) - X'(0).
Since the above is by assumption nonzero, we can consider the argument,
Arg A'(0) = Arg (f/(X(0)) - N'(0)) = Arg f/(20) + Arg X' (0).

In other words, tangent to the curve f(X\) at f(2q) is rotated by Arg f'(29) compared
to tangent to the curve X\ at zg. As a consequence, f preserves angles between curves
passing through z.

Therefore, if f/ # 0 for all points in U, then f is a conformal map U — C.

In particular, we can now easily establish conformity of M&bius transformations.
Suppose

az+b
o=
where ad — bc # 0. Find f":
a(lcz+d) —claz+b ad — be
po=derdodesl) ad-be L,

(cz +d)? (cz +d)

so any Mobius map is conformal at every point of C \ {—d/c}. The only question
is to figure out whether f is conformal as a map of extended complex plane. That
is, we need to check conformity at z = —d/c and z = co.

To check the former, it suffices to check conformity of map 1/f at 2 = —d/c
(since transformation 1/z preserves angles on C):

cz+d

1/f=——

/1 az+b’
which is finite at z = —d/c since a(—d/c) + b # 0.
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To check the latter, similarly, it suffices to check conformity of map f(1/z) at
z =0

a/z+b bz+a

1 = =
11/z) c¢/z+d dz+c’

which is conformal at 0 (in the event ¢ = 0 we refer to the previous case).

3.3.2. Geometric interpretation of |f'|. Suppose

zZ—20 z — ZO
exists and f'(zo) # 0.
Then taking absolute value on both sides, we get

which can be interpreted the following way:

e |f(2) — f(z0)| is distance between images f(z), f(z0),

e |z — zg| is distance between z, zp,
o [[(2)=f(z0)]
0

= is ratio of these distances.
So |f'(#0)| is the coeflicient by which f stretches distances at zp.

Putting results of these two sections together, we get the following statement:
if f'(z0) # 0, then, in linear approximation, f at point z = zy is a composition of
rotation by the angle Arg f’(z9) and dilatation by |f(z0)].

Note that if f/(z9) = 0, then the linear approximation of f does not give a clear

picture of behavior of f around zj.

3.4. Elementary functions: polynomials. Let P(z) be a polynomial of degree
n > 0:
P(2) = ap2" + ap_12"" '+ + a1z + ao,
where ag,...,a, € C and a, # 0. By fundamental theorem of algebra, P has a
complex root zi:
P(z)=0.

(There is a number of proofs of this statement. We will give one in the second half
of this course.) Then P can be represented as

P(z) = (2 — 21)Q1(2),
where deg Q1 = n — 1. If, again, z; is a root of Y1, repeat procedure until we get
P(z) = (z = 21)" Q(2),

where deg Q = n—k; and Q(z1) # 0. In such event, z; is called a root of multiplicity
]{?1 of P.

TERMINOLOGY. Instead of “root of multiplicity ¥” one can also say “zero of
order k7. We will normally use the latter later in the course when we talk about
arbitrary functions.

If deg @ > 0, repeat the whole argument until we express P as

P(z) = an(z — zl)kl(z - ,2'2)]C2 s (2 = 2P,

where k1 + ko + - - - + k,,, = n, so there are at most n distinct roots.
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Further, notice the following. If zg is a multiple root (root of multiplicity k& > 2),
then P’(z) = 0:

P'(2) = ((z = 20)"Q(2)) = k(2 — 20)* 7 Q(2) + (2 — 20)*Q'(2),
so P'(z9) =04 0= 0. We can say even more:
P'(z) = k(z=20)"'Q(2) + (2 — 20)"Q'(2) =
(2 = 20) 1 (kQ(2) + (2 = 20)Q'(2)) =
= (2—20)""'5(2),

where S(z9) = kQ(20) + 0 # 0, so zg is root of multiplicity exactly k — 1 of Q.

Now we consider properties of P as a mapping C — C. To start with, we find
out whether a point w € C has preimages under P, and if yes, how many. Fix some
point wg € C. Then, to find its preimages under P, we need to find solutions of
the equation

P(z) = wo,

that is, we need to find roots of the polynomial P(z) — wp. As we observed above,
there are at most n distinct roots. If there fewer than n distinct roots, it means that
some root zg has multiplicity more than 1, i.e., zg is a root of (P'(z) —wp)’ = P’'(2).
Observe that P’(z) does not depend on wy and has at most n — 1 roots.

Finally, recall that P is conformal at a point z whenever P’(z) # 0, so P can be
not conformal only at the points which are roots of P’.

Putting the above observations to together, we get the following statement.

Lemma 1. Degree n > 0 polynomial P as a map C — C s conformal everywhere
on C, perhaps with exception to at most n — 1 points z1, z2, ..., zm which are roots
of P'. Moreover, for each z # z; (that is, for each point of conformity), preimage
of P(z) contains exactly n distinct elements. Preimage of each w; = P(z;) contains
fewer than n elements.

In the next lecture, we investigate in more detail what is going on at points of
non-conformity.

Lecture 4. ELEMENTARY FUNCTIONS: POLYNOMIALS AND THE EXPONENTIAL.
BASICS OF TOPOLOGY OF C

February 8, 2017
Relevant Sections in Markushevich:
1.9.35-41, partially 1.3.13.

4.1. Behavior of polynomials at points of non-conformity. We continue
looking into polynomials as mappings C — C.

Theorem 8. Let zy be a root of multiplicity k > 2 of equation P(z) = P(z).
Then, under the mapping w = P(z), every angle between curves at zo is enlarged k
times.

Before proving this theorem, note the following.
REMARK. Let A:[—¢,¢] — C be a curve such that A(0) = zp. Then

(P(A(®))" = P/(A(R)) - N(1).
Since we established before that P’(z9) = 0, we have at ¢t = 0:
PIAO)) - N(0) = P'(20) - A(0) = 0
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regardless of parametrization of A\. So in order to find tangent to P(\) at z, we
would have to reparametrize P(\) itself, which is doable but annoying. Instead, we
change definition of a tangent (notice that if \'(0) # 0, then the below definition is
consistent with the old one).

Definition 9. Let A : [—¢,e] — C be a curve such that A\(0) = zg. If there exists
limit
At) — A(0)
t b
then 6 is called the angle of tangent to A at zg.

0= }%Arg

Proof of Theorem[8 First note that under the condition of the theorem,
P(z) = P(2) = (2 = 20)"Q(2)-

Suppose A : [—¢,e] — C be a curve such that A(0) = zo with tangent at z at angle
0. Then taking A(t) = P(A(t)), we get

lim Arg Ati =
t—0

P(A(t)) —
= lim Arg =
t—0

t
_ i g 0= )00 _
_ k
= lim (Arg M + Arg Q(A(t))) _

t—0

= lim (kArg M + Arg Q()‘(t))) =

= k6 + Arg Q(20).

Therefore, angle 65 — 61 between curves Aj, A2 at zo gets transformed to

(k02 + Arg Q(20)) — (k01 + Arg Q(20)) = k(62 — b1).
([l

Now we consider a degree n > 1 polynomial P as a map C — C. First of all,

lim P(z) = lim ap2"(14+ =%+ ... +9) = lim a,2" -1 = o0,
Z—r00 Z—00 Z—00

so P(00) = oo. Moreover, the angles at infinity get enlarged n times. To establish
that, one only needs to consider the mapping
1 &

Q)= P(A/0) ~ aoC" + ar{™ T+ -+ an—1C + an

and apply the argument above to f = (™ - m For consistency with the
statement of Theorem [8] one may also think of oo as root of multiplicity n of the
equation P(z) = co.

Lemma [T} Theorem [§] and the above observation together give the following
statement that describes behavior of a polynomial P is a mapping C — C.



FUNCTIONS OF COMPLEX VARIABLE I 21

Theorem 9. A degree 1 polynomial is conformal everywhere as a map C — C.

A degree n > 1 polynomial P as a map C — C is conformal everywhere on C with
exception to co and at most n — 1 finite points z1, za, . . ., 2y, which are roots of P’.
For each point z;, angles between curves at z; are enlarged k; times, where k; is
the multiplicity of the root z; of equation P(z) = P(z;). Angles at oo are enlarged
n times.

Moreover, for each z # z;, preimage of P(z) contains exactly n distinct elements.
Preimage of each P(z;) contains less than n elements.

As an example, consider P(z) = z2(z — 1)?2 + 5. We get that P is conformal
except at oo and the roots of P'(z) = 22(z — 1)2 +222(2 — 1) = 22(2 — 1)(22 — 1),
i.e., the points 23 = 0, 20 = 1, 23 = 1/2. Since their multiplicity in P’ is 1, their
multiplicity in P(z) — P(z;) is 2. Therefore, angles at z; are enlarged 2 times.

4.1.1. Mapping (z — a)™. Consider the particular case P(z) = (z — a)”. Then, by
results of this section, P is conformal everywhere on C except at the point z = a.
Moreover, angle 6 at a gets sent to an angle nf at 0.

4.2. Elementary functions: the exponential. Note that the “regular” real-
valued exponential function e® is the unique continuous function f(z) that satisfies
the equation f(z1 4 x2) = f(z1)f(x2), f(1) = e. Similar statement holds in case of
complex valued functions.

Theorem 10. (Existence and uniqueness of the exponential) There exists a unique
single-valued complex function f such that the following conditions take place.

(1) f(2) € R whenever z € R, and f(1) =e.

(2) For any z1,22 € C, f satisfies f(z1 + 2z2) = f(21)f(22).

(3) f is complex differentiable for all z € C.

Such f(z) is denoted by e* or exp(z) and called the exponential function.

Proof. (NOTE that there is an alternative proof that uses real-number ODE’s, out-
lined in Homework Assignment 4.)

Suppose f is such a function.

Note that 0 # e = f(1) = f(z+ (1 — 2)) = f(2)f(1 — z), so f(z) is never = 0.
Therefore, Arg f and In | f| are well-defined everywhere on C. Taking Arg and In |- |
of condition (2), we get

Arg f(z1 + z2) = Arg f(21) + Arg f(22),

In[f(z1 + 22)| = In[f(z1)| + In[f(22)].
So Arg f and In | f| both satisfy functional equation

F(21 + 22) = F(21) + F(22),

with the following difference: In|f| is a single-valued function, Arg f is a multiple
valued function, defined up to 27j, j € Z. Further, split z = x + iy and use the
equation above:

F(z +iy) = F(x) + F(iy).
Therefore, the functional equation above is satisfied by the following real functions
of real argument:

Arg f(x), Arg f(iy),
In | f(2)], In]f(iy)].
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Arg is still multiple valued, though.
Solve F(x1 4+ x2) = F(x1) + F(z2) for a single valued real F. One can easily see
that in this case F is linear. Indeed, assume F'(1) = a. Then

nF(1/n) = F(1/n)+F(1/n)+---+F(1/n) = F(1/n+1/n+---4+1/n) = F(1) = a,
so F(1/n) = a/n for any positive integer n. Also,
F(m/n)=FQ/n+---+1/n) =mF(1/n) =am/n

for any positive integers m, n. Further, F'(0)+ F(0) = F(0+0) = F(0), so F(0) = 0,
so F(—x) + F(z) = F(0) = 0, therefore F(x) = ax for any rational x. Since F is
continuous, it immediately follows that F(z) = ax for any = € R.

In case of multiple valued function F' defined up to 27j, one can establish that
F(x) = ax + 27j, where j € Z. (Key point is to observe that with “small” values
of x1,x9, the equality F(z1 + z,) = F(x1) + F(x2) holds as is, rather than up to
27k. EXERCISE: work out the details.)

Therefore, we have

Arg f(z) = ax + 27j, Arg f(iy) = By + 27,

In|f(x)] = azx, In[f(iy)| = by,
s0
Arg f(2) = ax + By + 27k, In|f(x)| = ax + by.

Use condition (1): since f(z) is real, we immediately conclude that a = 0, and
since f(1) = e, we immediately conclude a = 1. Then

f=|fl(cosArg f +isin Arg f) =

f = "% (cos By + isin By).

Now make sure that condition (3) is satisfied, that is check Cauchy—Riemann equa-
tions:

ou
— = "% cos By
ox
v r+by : x+b
— = be" Y sin By + BT cos By
Ay
Since % = %Z at all points z, we conclude that b =0, 8 = 1. A quick check shows
that in such case the other Cauchy—Riemann equation %Z = f% is also satisfied.

Therefore, the function f satisfies (1)—(3) if and only if

f(z) = f(z +1iy) = e"(cosy + isiny).
]

Note that the condition (3), redundant in the real case, is essential for uniqueness
here: there are multitude (given by any values of b and 8 other than 0 and 1 re-
spectively) of complex non-differentiable functions that are nevertheless continuous,
real differentiable and satisfy conditions (1), (2) of the theorem.



FUNCTIONS OF COMPLEX VARIABLE I 23

4.3. Some properties of the exponential. Recall that e* = e*(cosy + isiny),
where z = x + iy. In particular, e is never 0.

Now find derivative of e*. To do that, recall that from the proof of Cauchy—
Riemann equations (Theorem [7)), we have that if f'(z) = a + bi, then

g du_ovo g Ou_ v
ox Oy’ Oy ox’
where u = Re f, v = Im f. So, for example,
dz Odx O

So for f = e* we have
f'(z) = e cosy +ie” siny = e*.

In particular, for each z € C, f'(z) # 0. Therefore, z — €* is a conformal mapping
C—C. - -
What about C — C? Turns out, exp cannot be extended continuously to C.

Indeed, note that lim e* = oo, while lim e® = 0, so the limit lim e* = oo
T—r+00 T——00 Z—00

does not exist. This also explains that exp is not a polynomial: if it was, it would
be co at co.

Stare a bit harder at how this map works. To start with, we take a look at the
image of horizontal and vertical lines. Parametric equation of a horizontal line is
t+ib, t € R.

t+ib— et = el (cosb + isinb),

which is a ray originating at 0 at the angle b to real axis.
Parametric equation of a vertical line is a + it, t € R.

a+it — e = e%(cost +isint),

which is a circle of radius e®. So, the grid of horizontal and vertical lines is sent to
the “grid” of rays originating at 0 and circles centered at 0. Note that this presents
a very apparent illustration to conformity of z — e*, since two orthogonal systems
of lines are sent to two orthogonal systems of curves.

Now, we look at the image of a horizontal strip 0 < Im z < h. As we know from
the consideration above, the line Im z = 0 is sent to a ray originating at 0 at the
angle 0 to real axis, and the line Im z = h is sent to a ray originating at 0 at the
angle h to real axis. Then the interior of the strip gets sent to interior of the angle
formed by these two rays. Note in particular that if A > 27, then the image is
C\ {0}.

Finally, find periods of the exponential. Note that for any z € C, we have
e*T2™ = ¢% so any number 27ki, k € 7Z, is a period of the exponent. Make sure
that there are no other periods. Suppose w is a period of exponent. Then e**% = e?
for any z € C. Since e* # 0, divide both sides by e* and get e* = 1. It is easy to
see that solutions of this equation are exactly the numbers w = 27ki, k € Z.

4.3.1. Similarity between exp and (z—a)™ asn — oco. THIS SECTION IS OPTIONAL,
AS IT WAS NOT INCLUDED IN THE LECTURE.

If we are looking at the image of a horizontal strip under exp, its left end gets
“squished” to 0, while its right end gets “stretched” to co. This bears similarity
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with map z — (z — a)”. Examine this similarity in more detail. Recall first that,
as we know from calculus, for any = € R,

nl;rréo(1+m/n) =e".

One can prove (see Homework Assignment 4) that the same holds for complex
numbers: for any z € C,
lim (14 z/n)" = €,

n—oo
so the map z — (1 4 z/n)™ can be thought of as approximations of z — e*. Now
write
(I+2z/n)" =n""(z = (=n))".

Consider the image under z — (z — (—n))™ of an angle formed by real axis and
a ray originating at —n at the angle h/n to real axis. (We ignore coefficient n="
because is a positive real number, and therefore does not change arg.) This angle
gets sent to the angle n - h/n = h at 0, just like the strip of height h under the
exponential map. Moreover, the ray at the angle h/n at —n intersects imaginary
axis at the point intanh/n. As n — oo, intanh/n — nh/n = h, so this angle
looks more and more like a strip of height h.

4.4. Functions related to the exponential. Note that if we put z =iy, y € R,
in the formula for e*, we see that

e 4+ e . e — e
cosy = ——5—, siny=—7p—
For an arbitrary z € C, define the trigonometric functions sine and cosine to be
eiz + efiz ) eiz _ efiz
cosz=———, sinz=———
2 29

These definitions extend real sine and cosine functions, and bear many of the
same properties:
cos(—z) =cosz, sin(—z)= —sinz,
as easily seen from definition. Moreover,

2

cos?z +sin?z =1,

(again, immediately from definition). Note, however, that cos and sin are no longer
bounded.
One can also check (similarly to how it’s done in the case of the exponential)
that sin and cos are periodic with periods w = 27k, k € C.
Further, considering z = z; + 22, we get that
cos(z1 + 2z2) + isin(z1 + 2z2) = exp(i(z1 + 22)) = exp(iz1) exp(iza) =
= (cosz; +isinzy)(coszo + isinzg) =
= (cos z1 €Os 23 — sin 2 sin z5) + i(cos 21 sin 25 + sin 27 cos z3),
and
cos(z1 + z2) — isin(zy + 22) = exp(—i(2z1 + 22)) = exp(—iz1) exp(—izz) =
= (cosz; —isinzy)(cosze —isinzg) =
= (cos z1 €os 23 — sin z1 sin zg) — i(cos 21 sin 25 + sin 27 cos z2),
adding and subtracting one equation from another, we establish formulas

(6) cos(z1 + 2z2) = €08 21 €Os 29 — sin 21 sin 2o,
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(7) sin(z1 + 22) = cos 21 sin 25 + sin 21 €oS 23.

Observe that one property of cosine and sine that is not carried from the case of
real numbers is boundedness. While |cosz|,|sinz| < 1 for x € R, it is easy to see
that | cos z| and |sin z| are unbounded if z € C.

Closely related to exp,sin, cos, are the hyperbolic functions cosh z and sinh z,
called the hyperbolic cosine and hyperbolic sine, respectively. The are defined by
formulas

e +e” . ef—e *
coshz=————, sinhz=——-—
2 2
So,
cosh z = cos(iz), sinhz = —isin(iz).

In particular, for example, cosh® z — sinh? z = 1. Any further information about
cosh and sinh can be derived from expression through the exponential or cosine and
sine.

Finally, we mention that once cos z, sin z, cosh z, and sinh z are defined, we can
define tan z, cot z, tanh z, coth z in the usual way. Their properties can also be
deduced either from their definitions through (hyperbolic) sine and cosine, or from
their expressions through the exponential function.

4.5. Notion of elementary functions. Complex functions built from a finite
number of exponentials, polynomials, and inverses to exp (called logarithm) and
2" (called nth roots) through composition and combinations using the four arith-
metic operations, are collectively called elementary functions. We will discuss the
logarithm and the nth root in detail later in the course.

Note that this class, in particular, includes all trig functions. (EXERCISE for
later in the course, when we introduce In properly: express arcsin through In).

Finally, recall that functions C — C that are complex differentiable everywhere
on C are called entire. So far we have two main classes of examples: polynomials
and the exponential (and some of the related functions, like cos, but not, say, tan).

4.6. Basic notions of topology of C. In this section we start covering a bare
minimum of topological terms needed to proceed to theory of complex integral.
Note that the definitions below are given in relation to C. General definitions are
different is some cases. If you have difficulties with these, you can find them in
any Topology (and most Analysis) textbook (for example Topology by Munkress or
Elementary Topology. Problem Texbook by Viro et all).

An open disc B, (z) of radius r > 0 centered at 2y is the set

{z€C||z— 2| <r}.
We will often refer to an open disc B,(z9) as a neighborhood of zy, or an r-

neighborhood of zj.
A closed disc of radius r > 0 centered at zq is the set

{z€C||z— 2| <r}.
A subset U C C is called open if for any point zg € U, there is a neighborhood
of zp contained in U: Vzg € U 3B, (zp) C U.
Examples: open disc is an open set, C is open set, ) is an open set, a single
point {zp} is not an open set, a straight line is not an open set, an open interval
(0,1) C C is not an open set.
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For a set EE C C, the boundary of F is the set OF that consists of points zy €
C such that any neighborhood of zy contains both points from E and from its
complement C\ E.

Examples: boundary of an open disc is the corresponding circle, boundary of a
closed disc is the corresponding circle, boundary of C is empty, boundary of Q C C
is R.

A subset C' C C is called closed if 0C C C. Alternatively, set C is closed if
and only if its complement C \ C' is open. Vice versa, set C' is open if and only if
its complement C \ C is closed. Proving these two statements is a nice exercise in
applying definitions.

For a subset E C C, its closure is the set E = EUOE. Exercise: closure of a set
is closed set.

A fundamental property of open and closed sets is the following;:

Any union of open sets is open.

Any finite intersection of open sets is open.
Any finite union of closed sets is closed.

e Any intersection of closed sets is closed.

In the next lecture, we will continue with topological notions, such as connect-
edness, simple connectedness, interior, exterior, Jordan curve theorem.

Lecture 5. MORE TOPOLOGY. DEFINITION OF COMPLEX INTEGRAL

February 15, 2017
Relevant Sections in Markushevich:
1.4.15-18, 1.12.60-62.

5.1. More topology. We continue with introducing notions and terminology that
will be later used when dealing with complex integral.

A subset E C C is called connected if the following holds: given any decompo-
sition of F into two nonempty disjoint sets E1, Fs, at least one of the sets E1, Fs
contains a point of closure of the other. In other words, if

(8) Ei,Ey#0, EiNEy,=0, E,UE,=E,

then By N Ey # () or By N Ey # 0.

[If you are interested in a bit more topological detail, there is a notion of a set
open in a set X. Let X be a fixed subset of C. Then a subset U C X is called
open in X if U = X N O, where O is an open subset of C. Examples: X is always
open in itself, [0,1/2) C C is open in [0,1]. One can show that a function X — Y
(where X, Y C C) is continuous if and only if preimage of every set open in Y is
is open in X. Checking that this condition is equivalent to the e—¢ definition is a
nice exercise.

In these terms, F is connected if under the same conditions , F1 and FEs
cannot be both open in E]

A subset E C C is called path (pathwise, arcwise, linearly) connected if for any
two points z1, 22 € E, there is a curve that joins them, i.e. a curve v : [a,b] = FE
such that v(a) = 21, v(b) = 2».

Example: a subset E = {(z,sin(1/z)) | z € (0,1)} U {(0,¢) | =1 <t < 1} is
connected but not path connected.

Theorem 11. If a subset E C C is path connected, it is connected.



FUNCTIONS OF COMPLEX VARIABLE I 27

Proof. (Sketch.) If E = Ey U E5 is a “disconnecting” decomposition, pick a point
z1 € E and 29 € F5. Let v : [a,b] = E be a curve that connects z; to zo. Under
v~ !, the decomposition £ = E; U E, induces a “disconnecting” decomposition of
[a, b]. O

Theorem 12. If an open subset E C C is connected, it is path connected.
Proof. (Sketch.) Fix a point zg € E. Note that both sets
E, = {z € E'| z can be reached by a curve from zo}

and

E,; = {z € E| z cannot be reached by a curve from z}

are open. If F is not path connected, then Ey, E> # (), which delivers a decompo-
sition with E1, F5 open. O

Proofs of these two theorems are, strictly speaking, outside this course. However,
they are quite instructive exercises in application of notions introduced in this
section, so you are encouraged to work your way through these theorems.

Every set E C C can be represented as a union of disjoint connected sets.
Those connected sets are called the connected components of E. For example,
the set £ = {z : |z| < 1or |z — 3| < 1} has two connected components, the disks
Ei={z:|z| <1} and Es ={z: |z — 3| < 1}.

Definition 10. A connected open subset of C is called a domain.

Note that the above is not a common definition, but this type of sets is used in
the course so often, that we give it a separate name.

Definition 11. Let E C C. Then the set of interior points of E (or just the interior
of E) is the set

Int(E) ={z € E|3B,.(z) C E}.
The set of exterior points of E (or just the exterior of E) is the set
Ext(F) ={z € C|3B.(2) N E = 0}.

Examples:
(1) For E = B,(20), Int(E) = B,(20), Ext(E) = {2 € C| |z — 20| > r}.
(2) For E=Q CC, Int(E) =0, Ext(FE) = {z € C | Imz # 0}.
Note that for any set E C C, C = Int(E) U Ext(E) UJE. (The boundary OF of
a set E' was defined in the previous lecture.)
Also note that for any E C C, both Ext(F) and Int(E) are open (immediate
consequence of definition of open set). In particular, if FE is open, then 0F =
C\ (Ext(F)UInt(E)) is closed. (This, of course, can be also seen directly.)

Definition 12. A subset E C C is called bounded if 3B, (20) such that E C B, (z).
Fquivalently, 3M € C s.t. V2 € E  |z| < M.

Definition 13. A bounded domain G is called simply connected if OG is a con-
nected set. A bounded domain G is called n-connected (or multiply connected) if
OG has n connected components.
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Beware: the definition above is one of the few here that do not translate “as
is” to the case of arbitrary topological spaces. In fact, it does not even translate
immediately to the case of unbounded domains.

Below we state two theorems which we will use later on but which are, unfortu-
nately, too annoying to prove within this course (especially the first one).

A curve v : [a,b] — Cis called simple if it does not self-intersect except maybe at
the endpoints: if y(z) = y(y) then z = y or {z,y} = {a,b}. A curve v : [a,b] = C
is called closed if vy(a) = v(b). A closed curve can be thought as a mapping from
a circle (rather than an interval) to C. A simple closed curve is called a Jordan
curve. In these notes, we will mostly keep calling such curves “simple closed”.

Theorem 13. (Jordan curve theorem) Complement C\ vy of a closed simple curve
v has exactly two connected components, with v as their common boundary. One of
these components, called the interior of v and denoted I(7), is bounded. The other
component, called the exterior of v and denoted E(v), is unbounded.

Theorem 14. A bounded domain G is simply connected if and only if whenever G
contains a simple closed curve 7, domain G also contains I(7).

If we were to define simple connectedness in case of unbounded domains, the
above theorem would still be true for those. This theorem is what we will be using
practically when we later look into behavior of integral along closed curves.

5.2. Definition of complex integral. Let [a, b] be a closed interval on a real line.
Let ty, K =0,...,n be as follows:

a=ty<ti <ta<...<tp_1<t,=0.

In such event, the collection P = {to,t1,...,t,} is called a partition of [a,b].
The real number

|P| = max{t; —to,ta —t1,.. . tn — tn_1}

is called the norm (or diameter) of the partition P.
Let v : [a,b] — C be a continuous curve, and let P be a partition as above.
Denote v(tx) = 2k, i =0,...,n. If
n
up3 " ok — | =1 < o,
P k=1
then the curve 7 is called rectifiable and [ is called the length of ~.

A curve v : [a,b] — C is called smooth if there exists a parametrization of v such
that +/(¢) is continuous and nowhere zero. A curve v : [a,b] — C is called piecewise
smooth if there is a partition of [a,b] such that + is smooth on every interval of the
partition.

Here is a fact from calculus: if v = p + v is a smooth curve, then

b b
- / R+ (7)2dt = / /(8.

Let be P = {to,t1,...,tn} be a partition of [a,b]. Let collection {7}, k =
1,...,n be such that t_1 < 7, < ¢}, for every k = 1,...,n. Then 7;’s are called
tags and pair

P = ({tost1, - stn}b, {71, -, Tn})
is called a tagged partition of [a,b]. We define |P| = |P)|.
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Let v : [a,b] — C be a rectifiable curve, let P be a tagged partition of [a, b].
Denote v(tg) = z, and (%) = (k. Let f be a complex function defined at every
point of 4. Then the Riemann sum of f along v with respect to partition P is the
following sum:

S(f,P) = Zf((k)(zk — 2k-1)-
k=1

If the limitPl

[= lim S(f,P)
|P|—0

exists, function f is called integrable along v and the number I is called integral of
f along v (or the value of integral of f along ~y), denoted

I_Lf(z)dz.

Before continuing with properties of complex integral, consider Riemann sums in
more detail. Denote f(z) = u+iv, f(Cx) = ug + ivg, and 2z — 251 = Axy + iAys.
Then

[, f(z)dz = lim 370 f(Ce)(zk — 2k—1) =

|P|—0

= lim Y, (uk +ivg)(Axy + iAyy) =
|P|—0

= ‘;ilmo Sory ((ukAzy — v Ayg) + i(urAyg + viAzy)) =

—

= lim Y, (upAzg — vpAyy) + i lm (upAyg + vpAzg) =

|P|—0 |P|—0

= fwudzfvdy + ifvvderudy,

where the two latter integrals are “usual” real valued curve integrals. Therefore,
we reduced complex integral to a special case of curve integrals. In particular, now
we don’t need to prove many of the properties of complex integral, but rather refer
to the real case.
One important implication is the following. It is known from calculus that if
v = (u,v) : [a,b] — R? is a smooth curve in R?, then
b

/P(ﬂc,y)dfﬂJrQ(x,y)dy:/ (P(u(), v()p' (t) + Qu(t), v(£))v'(t))dt.

a

if the integral in the left hand side exists. Applying this to the integrals in the
last line of the chain of equalities in the previous paragraph, and performing the
same computation “bottom to top”, we get an important practical formula: if
v=p+iv:[a,b] = Cis a smooth curve and f is integrable along ~, then

b
(9) /ﬂawzjfwwwwﬁ

The advantage of this expression is that complex integral along a curve is reduced
to the “usual” Riemann integrals of real and imaginary parts of the integrand on
the right hand side.

3This is not a limit of a function, because S(f,P) is not a function of |P|. Proper way would
be to define it through -6 machinery in a usual way. We don’t do it here, because all proofs
of basic properties remain the same in either case. By the way, there is the same issue with the
“usual” real-valued Riemann integral. Another proper way of fixing this is using limits of nets.
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5.3. Examples and basic properties of complex integral. Now we give some
examples of complex integrals, computed by the definition and using formula @D
e Integral of a constant. f(z) = 1, v : [a,b] — C arbitrary s.t. y(a) = 2o,

~v(b) = Z. Compute the integral by definition. Let P be arbitrary. We have

f’y ldz = l_im ZZ:;l 1- (Zk — Zk_1) =
|P|—0
= hm Zn—ZOZZ—Zo,
|P|—0

as expected. In particular, the integral does not depend on a specific choice
of ~.
e Integral of a constant. Assume additionally that - is smooth and use for-

mula @[):
b
/1dz :/ 14/ (t)dt = ~(t)" = Z — 2.
vy a

Notice that the middle equality is obtained by applying real-value Funda-
mental Theorem of Calculus to Re and Im separately.

e Integral of a linear function f(z) = z. We know from the reduction to the
real case that linear functions are integrable along any rectifiable curves.
Therefore, to find the value of the integral, we can make a particular choice
of partitions and tags and take a limit. In a partition P, choose tags in two
ways: to be the left endpoints of partition intervals, and the right endpoints
of partition intervals:

/zdz = lim zk_1(2x — 2p—1), and /zdz = lim zp(zx — 2K—1)-
~ |P|—=0 ~ |P]—=0

Taking half-sum of these two equalities, we observe that most terms in the
right hand side cancel, so we get that

VAR
zdz = — — —,
L 2 2

as expected. And again, integral does not depend on a specific choice of
path.

e Integral of a linear function. Assume additionally that + is smooth and use
formula @D:

2 2
b2 25

b
[atz= [ 20 7wa= 10l =5 - 2.

As we plainly see in this example, computing integrals using Riemann sums
is more painful.

Notice that the middle equality above is not completely obvious. To
justify it, we differentiate Re and Im of ¥2 and apply real-value Fundamental
Theorem of Calculus to them separately.

e Integral of 1. Consider f(z) = 1=, a € C, and v a circle z = a + re’

z—a’

traversed once, that is 0 < ¢ < 27w, Then

dz I (a4 ret)dt I irettdt 2
/ :/’(+}27:/ , :/iﬁ:%i
yZ—a o a+trett—a 0 rett 0
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This gives an example of integral that depends on a choice of path of inte-
gration. Note, however, that in this particular example, the integral does
not depend on radius of the circle of integration.

In HW5, we do the same computation through Riemann sums.

Now that we have seen some examples, we continue with basic properties of
complex integral.

(1) Additivity over curves:

L fera:=- [ RO

where by —v we mean the same curve -y, traversed in opposite direction.
(2) Additivity over curves:

/ f(z)dz = f(z)dz+ (z2)dz+ -+ f(2)dz,

Yy 71 2 Tn

where + is concatenation of vy1,7s,..., Vs, denoted y =1 +v2 + -+ + Yn.
Note that the equality can be read both ways: assuming ~y is subdivided

into y1 + - -+ 4 Yn, if either left side or right hand side of the above equality

exists, then the other side exists, too, and they are equal.

(3) Linearity:
/ZCkfk(Z)dZZZ/Ckfk(Z)dZ,
T k=1 k=17

where f; are functions defined on and integrable along ~y, and ¢ € C.
(4) Boundedness: If f is integrable along v, |f(z)] < M for all z € ~, and [ is

the length of v, then
/ f(z)dz
.

Properties (1), (3), (4) can be seen immediately from the definition of integral
(since corresponding statements hold when the integrals are replaced by their Rie-
mann sums). Property (2) also can be derived from the definition, but requires
some handwork. Instead, we just say that it holds since it holds for the respective
curve integrals, as was proven in calculus course.

Note that the properties above are an immediate translation of the corresponding
properties of the real-value curve integral on a plane. Not everything translates from
the real case as nicely. For example, in the HW5 it is shown that the Mean Value
Theorem for integral breaks in the complex case.

< Ml.

Lecture 6. CAUCHY INTEGRAL THEOREM. SOME COROLLARIES

March 1, 2017
Relevant Sections in Markushevich:
1.13.63-67.

6.1. Cauchy Integral Theorem. From this point on, we are going to usually deal
with functions differentiable on a “thick” set. To this end, we give the following
definitions.

Functions, complex differentiable on an domain D, are called holomorphic, or
analytic on D. We say that the function f is analytic at a point zg if f is analytic
on a neighborhood of zj.
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Also, recall that functions that are complex differentiable on the whole complex
plane C are called entire.

Theorem 15. (Cauchy Integral Theorem, Cauchy—Goursat Theorem, Cauchy The-
orem) Let G be simply connected domain, and let f(z) be an analytic function on

G. Then
/ f(z)dz =0,
L

where L is any closed rectifiable curve contained in G.

Note that here we say that domain G, bounded or not, is simply connected if
and only if together with any closed simple curve 7, it also contains its interior
I(7).

Proof of Cauchy’s integral theorem is organized into 6 steps, each successive step
dealing with more complicated curves L.

STEP 1. In this step we prove the theorem for L that is a “bigon”, that is a
curve v, traversed back and forth: L = v —~. In this case statement just follows
from additivity of integral over curves.

6.2. Goursat’s Lemma. Here we deal with a crucial special case of Cauchy The-
orem.

STEP 2. In this step we prove the theorem for L that is a triangle (three points
on plane connected with straight line segments). This step is the essence of the
proof of Cauchy Theorem.

Lemma 2. (Goursat’s Lemma) Let G be simply connected domain, and let f(z) be
an analytic function on G. Then

/L f(2)dz =0,

where L is any triangle contained in G.

To prove this lemma, assume | [, f(z)dz| = M. Join midpoints of sides of L with
straight line segments. This splits L = Lg into four triangles L!, L'1 L1 L1V
similar to L with coeflicient 1/2.

Note that

[ r@iz= [ sz [ g [ s [ s
L LI LI LI Liv
where LT, L' LT LIV are traversed in the same directions as L. Therefore for
one of these four triangles, which we denote L, we have

f(2)dz

M
> —.
— 4

Ly

(Otherwise absolute value of sum |( [, + [;11 + [;10 + [1v) f(2)dz| is less than
4.2 = M by triangle inequality.)

Doing the same with Ly, obtain triangle Ly. Proceeding in this fashion, we get
a sequence of triangles L,, n = 1,2,... with the following properties:

(1) Each Ly and its interior I(Ly) is contained in Ly, C G.
@) |Jy, F(2)dz] = 3.

(3) Perimeter of each triangle Ly, is

5w, where [ is the perimeter of L = Ly.
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Therefore, we have a nested system of closed triangles whose sides — 0 as n — co.
It follows that they have a common point ¢: ¢ € L, UI(L,), n=1,2,.... Since f
is analytic on G, f/({) exists, that is for any € > 0, there is a § > 0 such that

1f(z) = F() = f1(O(z = Ol < elz = (],

if |2 — ¢| < & (see definition [§). Then, for any L,, contained in the disc Bs(¢), we
have

[, (&) = 1) = PO = O)de| =
[y, FG)dz = [, F(Qdz = [, £ = Qdz| =
= |Jo, £z = £O) [y, dz = Q) (2 = Q2| =
= ’anf(z)dz—O—O‘:

= ’fL f(z)dz‘

Here we used that f,y dz = 0 and fy zdz = 0 for any closed rectifiable curve =, as
was mentioned above.
On the other hand, for z a point on L,,, we have |z — (| < {perimeter of L, } =
/2™, so by boundedness property of integral,
l
</ glz—(ldz<e— - —
L

/ 1) = 1O = 1O =

Therefore, comparing the inequality above to the property of L,,, we have

I\

l _5l2

n

M el?
— < dz| < —
o< /Lnf(Z) A<

M < el?
for any € > 0, so M = 0. This finishes proof of Goursat’s Lemma.

SO

6.3. Finishing proof of Cauchy’s Integral Theorem. Now that we have Gour-
sat’s Lemma, the rest of the proof is technical.

STEP 3. In this step we prove the theorem for L that is a convex n-gon. Since L
is a convex polygon, drawing all diagonals from one a vertex of L subdivides L into
n — 2 triangles. Integral along each triangle is 0 by the Step 2, so sum of integrals
along these triangles is also zero. But this sum is equal to the integral along L.

STEP 4. In this step we prove the theorem for L that is an arbitrary n-gon.
Extending all sides of L to straight lines, we partition L into convex polygons,
reducing this case to Step 3. (Alternatively, one can also argue that every n-gon,
convex or not, has at least one interior diagonal, and proceed as in Step 3.)

STEP 5. In this step we prove the theorem for L that is an arbitrary (possibly,
self-intersecting) polygonal curve. In this case we travel along L until we meet
the first point of intersecting with path that we already traversed. Note that the
loop that we traversed is a polygon (otherwise, we would have met a point of self-
intersection earlier). We can discard this loop from L, because by Step 4 integral
along it is zero. The remaining part of L has fewer vertices, so proceeding in the
same fashion, at some point we reduce L to a non self-intersecting polygonal curve,
i.e. to a curve covered by Step 4.

STEP 6. Here we prove the theorem for L that is an arbitrary rectifiable curve.
This step is technically involved, but at the same time completely standard and
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not specific to complex analysis. The idea is that we can approximate an arbitrary
rectifiable curve by a polygonal curve without changing the value of the integral
too much. (Notice that the key statement below, Lemma [4] does not even ask the
function to be differentiable, nor the curve to be closed.)

Before we state the corresponding lemma, recall notion of distance between sets.
(The following definitions work for arbitrary metric spaces, but right now we only
care about C.)

If z€ C, and A C C, we say that the distance dist(z, A) is defined by

dist(z, A) = inf{|z — w| : w € A}.
Similarly, if A, B are two subsets of C, we define
dist(A, B) = inf{|z —w| : z € A,w € B}.

Note that |z — w]| is a continuous function of w, so it reaches its minimum and
maximum as w runs through points of a set A if A is closed and bounded. Moreover,
|z — w| is nonnegative and is > R outside the circle |z — w| < R centered at z.
Therefore, dist(z, A) is attained as |z — w]| for some w € A if A is closed.

Further, it is not hard to show that dist(z, A) is a continuous function of z, so if
A, B are closed and A is bounded, then dist(A, B) is attained as |z — w| for some
z € A,w € B. Indeed, dist(A, B) is attained as some dist(z, B) since A is closed
and bouned, and dist(z, B) is attained as |z — w| since B is closed. One important
corollary is the following.

Lemma 3. If A, B are closed and one of them bounded, then AN B = 0 if and
only if dist(A4, B) > 0.

NOTE that if both are unbounded, this may not be true, e.g. A the hyperbola
y = 1/x and B the z-axis.
Finally, a bit of notation: for a set A, by NV,.(A) we denote its closed r-neighborhood:

N (A) = {z € C| dist(z,4) < r}.

Since dist(z, A) is a continuous function of z, a closed neighborhood is a closed set.
(Exercise: prove that).

Reminder: for curves 7; and 5 s.t. the endpoint of 7; is the start point of s,
by 71 + 2 we denote the concatenation of these curves, i.e. the curve that traverses
~1, and then 5. Also, by Z175 we denote the straight line segment connecting z;
to z9.

Lemma 4. Let f(z) be a continuous function on a domain G, L be an arbitrary
rectifiable curve on G given by z = X(t), X : [a,b] = G. Then for any € > 0, there
is a 0 > 0 such that for any partition P = {to,t1,...,tn} of [a,b] with |P| <, the
polygonal curve A = 271 + 2125 + ... + Zn_12,, where z, = Ate), k=0,1,...,n,

is contained in G, and
/ f(z)dz — / f(z)dz
L A

Proof. First, we find § that delivers first part of statement, that is that A C G.
Since A is a continuous function on closed interval [a, b], it is uniformly continuous
on this interval. Let d = dist(L,C \ G). By the Lemma[3|above, d > 0. Put §' >0
to be such that [A(¢t) — A(¥')| < d whenever |t — /| < §'.

< E.
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Then for any partition P with |P| < &, note that any point on the polygonal
curve A = ,le) + ...+ m lies distance at most d/2 from the corresponding
endpoint z, i.e. A C Ny (L) C G.

We established that there exists 6’ > 0 such that A C G whenever |P| < §'.

Now, we need to find §y < &' that provides | [, f(z)dz — [, f(2)dz| < e. Since f
is a function continuous on a closed bounded set Ny /2(L), f is uniformly continuous
on the same set, that is for any £ > 0, there is a 6" > 0 such that | f(z) — f(2")| < 5,
whenever |z — z'| < 6", where [ denotes length of L.

By definition of integral, there is a d; > 0 such that

JRCLEED SF{CAICEEY
L k=1

for any partition P with |P] < d;.
Take dp > 0 such that dp < &', dp < 01, and |A(t) — A(t)| < §" if [t — t'| < do.
For any partition P with |P| < §y denote segment zx_; 24 by Ag. Then

(10) <e/2

i.e.

(11) <e/2

/ F(2)dz =S F (o) (5 — 1)
A k=1

Then for any partition P with |P| < dy, we have that A C G, and comparing
and , by triangle inequality we get

/Lf(z)dz—/j\f(z)dz

This finishes proof of lemma. O

<egf2+4+¢/2=¢.

Now, back to proof of Step 6. For an arbitrary closed rectifiable curve L in G,
we take arbitrary € > 0 and arbitrary approximation of L by a polygonal curve A
induced by partition as in statement of the above Lemma. Then we get

/Lf(z)dzf/Af(z)dz

but by Step 5 we know that [, f(z)dz =0, so

<e,

f(z)dz
L

<e,

for any e, so | [, f ¥ dz| = 0. This finishes proof of Cauchy’s Integral Theorem.
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6.4. Stronger version of Cauchy Integral Theorem.

Theorem 16. Let G be the interior of a closed simple curve L, G = I(L). Let f
be analytic on G and continuous on G = GU L. Then

IREE

Proof of this theorem is skipped (the proof is accessible at this point in the case
of G which is “nice” in certain way, star shaped. In general case, the proof requires
a whole new idea, approximation of functions by polynomials, and does not fit in
this course.)

Note that this version of Cauchy Theorem allows to deal with the following
integral, while original version does not:

/\/gdz =0,
L

where L is a circle |z — 1| = 1 passing through 0, and value of 1/z is chosen so that
resulting function is continuous on |z — 1| < 1. Note that \/z cannot be defined as
a single-valued analytic function on a neighborhood of 0, so the original version of
Cauchy theorem does not apply.

We will not rely on this theorem in the course.

6.5. Cauchy Theorem for a system of contours. Let’s recall how exactly we
used simple connectedness of G: we actually only needed that the interior I(L) is
contained in G. That allows us to state the following theorem:

Theorem 17. Let G be an arbitrary domain and let f(z) be an analytic function

on G. Then
/L F(2)dz =

where L is any closed simple rectifiable curve such that G contains both L and I(L).
This simple reformulation allows us to prove the following fact.

Theorem 18. (Cauchy’s Integral Theorem for a system of contours) Let G be an
arbitrary domain, let f(z) be analytic on G. Let T',v1,...,v, be a system of n+ 1
simple closed rectifiable curves in G s.t.

(1) Y1y Yn S I(F),
(2) % € By for any j # k.
(3) G contains D = I(T") \ (I(*yl) U... UI(’yn)>.

Then

/Ff(z)dz: i f(z)dz—i—...—i—/ f(2)dz,

n

where all integrals are traversed in the same direction.

Proof. (A figure will be provided in later drafts.) Pick points Ag on I, Ay, By on
Y1y «vvy Apy Bp on 7y, Bo on I'. Let ;. be an arc of vy from By, to Ay clockwise,
and -y, be an arc of vy from Ay, to By clockwise. Let dj be a simple polygonal path
in G from Ap_1 to By, k = 1,...,n, and 0,41 be a simple polygonal path in G
from A, to By. Let IV be an arc of I" from By to Ay counterclockwise and I'” be
an arc of I" from Ay to By counterclockwise. Then for closed contours

L'=8+9+0h+v+...+9, + 0 + T
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and
L' = ~Gupa 9 = G £ = oAl = By + T
by the previous theorem we have
f(2)dz= [ [f(z)dz=0,
% L
but

o:/ﬂw f(z)dz:/Ff(z)dz+Ll f(z)dz+...+/ f(2)dz,

n
where T' is traversed counterclockwise and = are traversed clockwise, as required.
O

6.6. Application of Cauchy Integral Theorem to real variable integrals.
Cauchy Integral Theorem and its multiple contour version can be used nicely to
compute real variable integrals.

6.6.1. Integral of a rational function over R. Evaluate

< dx
e

Computing this integral using standard real calculus techniques is a simple task.
Nevertheless, here we provide a way to compute this integral using Cauchy’s Integral
Theorem. It will be clear that similar approach works for any rational function for
which the integral over the real line converges.

Consider the function f(z) = Z%H This function is differentiable everywhere
on C, save for z = +i. Consider two contours, L, that consists of the segment AB:
—R < x < R, of the real line, and upper semicircle BCA of radius R centered at
the origin; and Ly which is a circle |z —i| =&, e < 1. Alsolet R > 1+e.

By Cauchy’s Integral Theorem for a system of contours, [ z;% =/, zf—jl.
First we treat the integral along L;.

On the segment AB we have z = x, dz = dx, therefore

dz B dr
JI(R)_/ABzerl_/_R:CQJrZV

so J1(R) — ffooo xfil as R — oo if the latter improper integral converges.

On the semicircle BCA we have z = Re®?, 0 < § < m, dz = iRe"?d#, so
dz ™ iRe"dp
Jo(R) = —_— = —_—
2( ) LCA 22+1 /0v ,R2€2“9‘i‘17

T do T do 27
J < R — < R —
I 2(R)] < /O [R2e20 4 1] = /0 RZ)2 " R’

hence J3(R) — 0 as R — oo. Finally,

dz 1 /01 1
J — _— o —_ d —
3(€) /L2z2—|—1 /L22i (z—i z—l—i) ‘

1 dz 1 dz 1.
= — - — — - = 2mi — 0=,
Ly 202 —1 Ly 2tz+1 2

since 1/(z + i) is analytic inside Lo. Taking limit as R — oo of the equality
J1(R) + Jo(R) = Js,

so if R > 2,
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/°° dx
e
e 2241

We will start the next lecture with looking at more applications of Cauchy Inte-
gral Theorem to real variable integrals.

we get

6.6.2. Integral Sine at infinity. Evaluate the integral

0o -
Sin T
dx.
0 X

COMMENT. The function Si(z) = [ $24dt is called the integral sine function and,

is used in signal processing and Fourier analysis in general.

along with sincx = %,

Consider the function

differentiable everywhere except z = 0, integrated along the path L which is an
“upper semiring” of inner radius r and outer radius R, as shown in Figure

FIGURE 2. Path L.

By Cauchy Theorem, we have

0= e—dz:/ e—dz—&—/ e—dz—&—/ e—dz—i—/ e—dz.
L < AB BCD * DE * EFA ?

Compute/estimate these integrals separately. On AB, we have z = ¢, where ¢
runs from r to R, so dz = dt and we have

iz R it R R .
t t
(12) J1:/ e—dz:/ e—dt:/ ﬁdtﬂ'/ S .
AB < T t T t T t

On the circular arc BCD we have z = Re™, where t runs from 0 to m, so
dz = iRe'dt, and

1z s R it ) m

Jo = / C iy = / Miﬁ’,e”dt = z/ exp(iR cost — Rsint)dt.
BCD % 0 Re? 0

Therefore,

™ T /2
FARS / |exp(iR cos t—R sin t)|dt — / exp(—Rsint)dt — 2 / exp(— R sin )dt.
0 0 0

Note that on [0,7/2], sint > 2¢/m (look at the graphs of sint and of 2t/7), so

/2 /2
|Jo| < 2/ exp(—Rsint)dt < 2/ exp(—2Rt/m)dt =
0 0
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exp(—2Rt/) /2 B 71_1 —e < T
—2R/m |, R R
Therefore,
(13) Jy — 0 as R — oo.

On DE, we have z = t, where ¢ runs from —R to —r, so dz = dt, and similarly
to Jl,

iz " cost “Tsint R cost R gint
J3:/ e—dz:/ —dH—i/ idt:—/ —dt—i—i/ ek 73
DE % -r -r 1 ro Pt

Putting this together with , we get that
R -
t
(14) Ji+ Js = 2@/ %dt.

Finally, on EF A, we have z = re’t, where ¢ runs from 7 to 0, so dz = ire’* and

et? O exp(ire) . T
Jy = / —dz = / Mire”dt = fi/ exp(ir cost — rsint)dt.
EFA % x o ret 0

Since €%* is continuous at 0, given ¢ > 0, find 7 small enough to guarantee that
le?* — 1| <€ on EFA. Then
/ Edt‘ = 7€,
0

Jy — (—z/ 1dt)’ = ’—z/ (exp(ir cost — rsint) — 1)dt‘ <
0 0

SO
(15) lim Jy = —i/ 1dt = —im.
r—0 0
Recall that by definition,

oo _: t R . t
/ S0 = 1im [
o ¢ t

r—0

R—oc0 T

Now, we look at the limit of the equality
O=J1+Jo+Jd3+ Js
as R — oo and r — 0. By ,,, we get

0 = (J1+ J3) + Ja + Jy
> sint L L
0 = 22/ —dt + 0 + (—im),
0 t
that is,

0= 22'/ Lt + (—mi).
0 t

[T
o t 2

REMARK. Computing this integral using real analysis methods is rather in-
volved. For example, note that this integral absolutely diverges, so powerful tools

SO
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of Lebesgue integration like the Lebesgue dominated convergence theorem do not
apply.

6.6.3. Fresnel Integrals (optional section, was not included in the lecture). Evaluate

oo o0
/ cos x2dx, / sin z%dzx.
0 0

COMMENT. These are called Fresnel integrals. Functions C'(z) = for cos t?dt and
S(z) = fox sint2dt arise in several areas of geometry, physics (like theory of diffrac-
tions), and engineering.

We will use two auxiliary facts. First one is the formula

(o]
/ e dx = ﬁ
0 2

The second one is the inequality
0
sinﬂz7L (ogagz).
2 2

To evaluate the Fresnel integrals, we consider the function ¢'**. Since ¢* and 722
are differentiable everywhere on C, by chain rule ¢'* is also differentiable every-
where on C.

Consider closed contour L consisting of the segment OA: 0 < z < R of the
nonnegative real axis, the 7 arc AB of the circle of radius R centered at origin,
and the segment BO of the line bisecting the angle formed by nonnegative real and

imaginary axes. By Cauchy’s Integral Theorem,

/eiz2dz:/ eizzdz—i—/ eiz2dz+/ eiz2dz=O.
L 0A AB BO

Compute these three integrals separately. Segment OA is parameterized by a real

x, S0
L, R R R
J1(R) :/ e* dz :/ e dx :/ cos z2dx +i/ sin z2dzx.
0A 0 0 0

On the arc AB, z=Re", 0< 6 < T 22 = R?e¢*% dz = iRe"db, so

. ™/4 , .
Jo(R) = / e dz = / exp(iR%e*%)iRe df.
AB 0
Finally, on the segment BO we have

z=re™t R>r >0, 22 =r2%"? =ir?, dz =™ dr

0 R
J3(R) = / e dz = / e e Ay = —ei”/‘l/ e dr =
BO R 0

R
:—\/i(l—i—i)/ e dr.
2 0

Now, let R approach infinity: R — co. Then

R o
Jg(R):—?(l—I—i)/o e_Ter—>—\f(1+i)/o e dr =

= fg(ui)g = f@u +1i).

and
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Show that J3(R) — 0 as R — oo.
w/4 )
\12(R)| < R / | exp(iR2e27)|db.
0
Note that | exp(iR?e?%)| = exp(—R?sin 260), so
/4
|J2(R)| < R/ exp(—R? sin 26)d6.
0

Recall that sin26 > 46/7 if 0 < 26 < 7/2. Therefore,

m/4 exp(—4R20/x) "=/
< — 2 . = _— e
|[J2(R)] < R/o exp(—R*-40/m)d0 = R iy ey

rl—e & ™

<,

4 R T 4R

so limp_00 J2(R) = 0, as claimed. Finally, consider J;(R). Since J1(R) + J2(R) +
J3(R) = 0, it follows that

Ver

A, N = i B i BB = S )
ie.
R R
V2
lim cos 22 dx +i/ sin2?dx = J(l +1i),
R—o0 0 4

which means that improper integrals

oo R
/ cosz?dr = lim cos z2dx
0

R—o0 0
and
o) R
sinz?dz = lim sin z2dx
R—o0
0 0
exist and

(o) o0
V2
/ cosz’dx = / sin x%dx = —F.
0 0 4

REMARK. Computing these integrals using tools of real variable analysis is also
rather involved.

Lecture 7. ANTIDERIVATIVE. CAUCHY’S INTEGRAL FORMULA AND ITS
COROLLARIES

March 8, 2017
Relevant Sections in Markushevich:
1.13.68, 1.14.70-72.
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7.1. Antiderivative. Fundamental theorem of calculus.

Definition 14. Let f(z) be a function on a domain G. A function F(z) defined
and analytic on G is called an antiderivative (primitive, indefinite integral) of f(z)
if F'(z) = f(2) at each point z € G.

For a function f analytic on simply connected domain G, integral along a closed
rectifiable curve vanishes. Therefore, the integral

/ F(d¢

does not depend on a particular choice of path between two points zg, z, so for a
fixed zg, this integral is a well-defined function of z:

e - | T FQdc.

Theorem 19. Let G be a simply connected domain, let f(z) be differentiable on
G. Then F(z) = f; £(¢)dc¢ is differentiable on G and F'(z) = f(z) for each z € G.
Proof. Compute F’(z) by definition.
z+Az z z+Az
ar= [ - [ rodc= [ s -

0

z+Az
— A2+ / (F(O) — F(2))dc.

Then

AF 1 z+Az
Tl a [ O- s

SO

A1) = 2|0 - r@)a| <
< M)Azl =M(r) =0
as Az — 0 since f is continuous. Here M (r) denotes max |f(z) — f(¢)| as ¢ runs

through values such that |z — (| < 7.
By definition of derivative, F’'(z) = f(2). O

REMARK. Note that we did not use differentiability of f other than to get
path independence of F. If we somehow know that integral representing F' is path
independent, it is enough to require that f is merely continuous.

Theorem 20. Let G be a simply connected domain, and let f(z) be a differentiable
function on G. Then any antiderivative of f(z) on G can be represented as

o) = [ s c.
20
where zg € G and C is a constant.

Proof. This follows by one of problems in Homework 5. Just in case, we provide
the proof here, too.
Write

ﬂ@=¢®%i/UKMC=M%w+w@w)
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Then ¢'(z) =0, so
_Ou  Ov  Ov . Ou

0= 2
Ox +28x Oy lay’
$0
ou_ o0 v _ou_
oxr  O0x Oy Oy
Therefore, u(x,y) = const, v(x,y) = const, so p(z) = const. O

Theorem 21. (Fundamental theorem of integral calculus for complex functions).
Let G be a simply connected domain, and let f(z) be a differentiable function on

G. Then if zp,z € G,
[ 100 = a(z) - a0,
20
where ®(z) is any antiderivative of f(z) on G.

Proof. By the previous theorem, it suffices to check this statement for ®(z) =

IZ F(Q)dg. O

The latter statement allows to compute integrals of differentiable functions just
as we are used to, for example:

z . Zk+1 Z(I)C-i-l '
/Cdcjzkﬂ—k+1 if ke Z,k+#—1,
20

z
/ eSd¢ = e — ™,
z0

z
/ cos (d( = sin z — sin 2y,

20

z
/ sin (d( = cos zg — cos 2.

Z0
NOTE that the first equality for & > 0 follows by the Corollary above, but for
k < —2, one needs to apply the Remark after Theorem since z* in that case
is not differentiable at 0, but nevertheless integrals are path-independant, as direct
computation shows (for example, see Homework 6).

7.2. Cauchy’s Integral Formula. The theorem we prove below is of fundamental
importance in complex analysis.

Theorem 22. (Cauchy’s Integral Formula) If f(z) is differentiable on a domain
G, and if G contains a closed simple rectifiable curve v and its interior 1(), then

/ gf(_ode = omif(z) if z € I(7),

and

QO
[y<_zd(—0 if ze€ E(y),

where E(7) denotes exterior of ~y.
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Note that it is assumed that v is traversed counterclockwise, that is I(7) is to
the left of an observer moving along ~.
Under assumptions of this theorem, the integral

1
L[
2mi ), C—2
is called Cauchy’s integral.
Proof. Let z be arbitrary in I(+). Then the function
_ [
MO—sz

is analytic on G’ = G\ {z}. Let p be so small that the closed disc B,(z) is contained
in I(7). Then, if v, denotes circle | — z| = p, by Cauchy’s Integral Theorem for a
system of contours v, 7, we have

/ Qi = [ g(Q)dc,

[ |

Since fﬁ/ %d( does not depend on a particular choice of p, neither does f'Yp f(C)dC,

w0 () 10 a

So to prove statement of the theorem for z € I(), it suffices to prove that

. Q.
}»13%)/% @dC—me(z).

that is

That is, we need to prove that for any ¢ > 0, one can find § > 0 such that

&dg —2mif(2)

'chiz

whenever p < §. Write f(¢) = f(z) +

<é€

we see that

,C—2
@t a |
/% el f()/wc_z

| 224

Now, since f(¢) is continuous at { = z, for any € > 0 we can find § > 0 such that

9
0] < o
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whenever |z — (| < 0. Therefore, if p < §, we have

f(Q) . _ a(¢) (<) ef2m,
. @dc — 27T'Lf(Z) = /yp dec S /Yp P d( < P 27Tp =g,
as desired.

It is only left to note that the case when z € E(y) is a direct consequence of
Cauchy Integral Theorem. O

EXAMPLE. Straightforward application of Cauchy Integral Formula allows to
evaluate certain integrals without much computation. For example, show that

d
/27220
522 +1

for any simple closed rectifiable curve vy s.t. £i € I(7y). Let 71, 2 be circles C I(7)
centered at —i,1, respectively, and traversed in the same direction as 7. Then we
have by Cauchy Theorem for multiple contours (Therem and by Cauchy Integral
Formula

/ dz B / dz +/ dz B
722—&—1 7122—|—1 72z2+1

_ /Mder/ MdzzzmiJr%i#—o.
Y1 2

Z+1 z—1 iti

7.2.1. Average value of an analytic complex function. Below is the first corollary
to Cauchy Integral Formula.

Theorem 23. If f(z) is a differentiable function on a domain G, and if G contains
the circle v,: |z — zo| = p and its interior I(vy,), then
1 2T

f(z0) = By ; f(z0+ Peie)d97

i.e., the value of f(z) at zy equals to the average of its values on the circle vy, with
center zg.

Proof. The equation of v, is
z:zo—i—pew, 0<60<2m.
By Cauchy’s integral formula,

1 flz)dz 1 T f(z0+ pe?) . 1 o i0
f(z0) = 2mi J,, 2 — 20 - 2mi pet? ipedl = 27 Jo F(z0 + pe™)df.

O

Note that in real variable analysis there is a class of functions with the same
average-value property, harmonic functions, that is, solutions of Laplace equation
Af=0,e.g. % + 2275 = 0. We will discuss harmonic functions and their connec-
tion to complex analytic functions in more detail later on.

The following is a direct corollary of the above Theorem

Corollary 1. If f(2) is a differentiable function on a domain G, and if G contains
the circle v,: |z — 20| = p and its interior I(7y,), then

|f(20)] < M(p) = ggflf(Z)L
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Proof. By Theorem [23]

1

Fol = 5

27

Flzo + pe')db| < 5-M(p) -2 = M(p).
0 s

O

Note that since 7, is a closed bounded set and f is continuous, M (p) is attained
at some point ¢ € v,: M(p) = |f(¢)].

Theorem 24. If f is an differentiable on a domain G, then |f(z)| cannot have a
local strict mazimum at any point of G.

Proof. Suppose zg is a point of local strict maximum of |f(z)]. Let ~y, be same
as above. Then |f(z0)] < M(p) = |f(¢)|. Since p can be chosen arbitrarily small,
in any neighborhood of zy there is a point ¢ such that |f(z0)| < |f({)], so the
inequality |f(z0)] > |f(¢)| does not hold and, therefore, zy is not a point of local
strict maximum. O

Later on we will strengthen this theorem by showing that it also holds for non-
strict maximum (with obvious exception to constant functions).

7.3. Integrals of the Cauchy type. By an integral of the Cauchy type we mean
expression of the form

1 ©(¢)

%LC—Z

dg,

where L is a rectifiable curve (not necessarily closed), z ¢ L, ¢ is a function
(sometimes called density) continuous on L.

Theorem 25. FEwvery integral of the Cauchy type
L[ el
- d
1) 2m’/LC—Z ‘

defines an infinitely differentiable function f(z) on any domain G containing no
points of L. Moreover,

f(")(Z)m/L(Cff))an{ (n="0,1,2,...).

Comi

Proof. We prove this statement by induction on n. For n = 0, the corresponding

formula is
/. _ 1 ¢(¢)
1) = g [ e

which is the definition of f(z). Suppose we established that
|
iy [ _elQ)
16 = 5, e
for a specific n. Find f("*t1 by straightforward differentiation of f():

£ (20) = Tim F™(2) = £ (20)

zZ—20 zZ— 20
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where zj is arbitrary point in G. For p small enough, G contains circle v, = |z—2¢| =
p and its interior. Let § be distance between 7, and the curve L. Moreover, let R
be large enough to contain L and 7y,. Then

n! — o)l — )+l
f(n)(z) - f(n)(ZO) = '/L ( )(C(C _OZ)O)n+1(<(C_ 2)73+1 dg.

2mi,
Write t = ( — 29, h = 2 — 29, so ( — z =t — h. Then using identity

a" —b" = (a—b)(a" ' +a" b+ ... +ab" 2+ ")

we get

dc.

(n)z _ (n)z n! _ n _ n—1 n
f ()hf (0)_27;/L(p()(t R +t(t —h)" Lt

= ntL(f — p)ntl
Since our goal is to show that the expression above approaches the limit

LAy RS Y
L L

27i —z)"t2 > 2mi tn+2 ¢

P(20) =

as h — 0, we now examine the difference (the point of the computation below is that
the terms t"*!, i.e., the terms without h, cancel out, as you can see by inspecting
numerator in the second line of the computation)

F(2) = f™) (z0)

3 —Y(20) =
_nl tt—h)"+ 2t —h)" 4t — (n+ 1) (E— R
= omi . ©(C) tn+2(t — p)ntt ¢ =
ol h(t —h)™ +hlt+ (¢ —h)]{t —h)" P+ ..+ hft"+ ...+ (E—h)"]
=5 LSD(C) (I Ry -

n!-h t—R)"+t+t—REt=—h)""+. . " +.. .+t —h)"
/L(O( )+ )](tn+2(zh;+l+[ +..+( )]dg.

Recall that 0 < 6 < | — 20| = [t| < 2R, and 0 < § < | — 2| = |t — h] < 2R.
Therefore

27

L)
n!-|h| o (2R)" +22R)" ' + ...+ n(2R)"
o §2n+3 '
where [ is the length of L and

<

L,

M = max[(¢)].

The righthand side goes to 0 as h — 0, so
(n)(z) — £(n) !
e =ty LU=Vt [ el
L

Z—20 Z— 20 271 — Z())

n+2 dC
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7.4. Infinite differentiability of complex differentiable functions; Morera’s
Theorem. An important corollary (below) is that complex differentiable functions
are infinitely differentiable. Note that in general, this is not the case at all when
dealing with real-differentiable functions. For instance, f(z) = ?sin(1/z%) ex-
tended to x = 0 by 0 is differentiable everywhere on R but its derivative is not
bounded on a neighborhood of 0, therefore it’s discontinuous at 0. A less exotic
function, f(z) = x|z| is an example of an everywhere differentiable function whose
derivative is continuous but not differentiable everywhere. Worse, if f : R — R
is a function continuous everywhere but not differentiable everywhere (Weierstrass
gave an example of such a function; one can also prove that they exists by a Baire
category argument), then its integral ftto f(r)dr is differentiable at every point but
not differentiable twice at any point.

Corollary 2. If f(2) is a differentiable function on a domain G, then f(z) is
infinitely differentiable on G.

Proof. Let zy € G. Choose p small enough so the circle v, : |z — 2| = p is contained
in G together with its interior I(7,). Then by Cauchy’s Integral Formula, we have

f(z0) = ! f)

2mi J,, ¢ — zo

dg,

so f is represented by an integral of the Cauchy type. By Theorem[25] f is infinitely
differentiable. (]

Note that, in particular, we have an expression for n-th derivative:

F ) = / IO e

2mi ), ((—z)"H

where v, can (by Cauchy’s integral theorem) be replaced by any closed rectifiable
simple curve L contained in G together with its interior such that z € I(L).
Below is the same result in a slightly different wording.

Corollary 3. If f(z) is a differentiable function on a domain G, then every its
derivative f)(2) (n =1,2,...) is differentiable on G.

The next result serves as a converse to Cauchy’s integral theorem.

Theorem 26. (Morera’s Theorem) Let f(2) be a continuous function on a simply
connected domain G, and suppose that

/Lf(z)dz =0

for any closed rectifiable curve L contained in G. Then f(z) is differentiable on G.

Proof. For z,zg € G, the integral
Fe) = [ £

is path-independent. Then by the argument similar to the proof of Theorem [L9 (see
Remark after the proof of Theorem [19), F(z) is differentiable and F'(z) = f(z).
But then by the corollary above it follows that I’ = f is differentiable. O
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7.5. Cauchy Inequalities. Liouville’s theorem.

Theorem 27. (Cauchy Inequalities) Let f(z) be a differentiable function on a
domain G and suppose G contains the circle vy, : |z — zo| = p and its interior I(7y,).
Then

) < =012,

o
where
M(p) = max 1f(z)l.
Proof. From Theorem [25| we immediately get that
£ o) < 22 2B oy = 210D,

O

Note that knowledge of an upper bound M(p) for f is sufficient to write the
estimates for all derivatives of f. We will use these inequalities later on.

Again, note that in the case of real variable there is no, and there cannot be,
such estimates. Indeed, if for f(z) = sin(Az), f/'(z) = Acos(Azx), so already the
first derivative can be arbitrarily large, despite |f| being bounded by 1.

One corollary of Cauchy Inequalities is the famous Liouville’s theorem.

Theorem 28. (Liouville) If f(z) is differentiable on C and bounded, then f(z) =
const.

Proof. Let M be an upper bound for |f| on C. At every point z € C, we have by
Cauchy Inequalities that f/(z) < % for every p > 0, so f'(z) = 0 and therefore f
is constant. O

REMARK. The essential part in the proof was that @ — 0 as z = oco0. So

the proof would still work under that condition that @ — 0 (2 — o0) instead
of boundedness. It means that there are no entire functions “squeezed” between
bounded and linear functions, like square root or logarithm would be.

Later we will give an even more immediate proof of Liouville’s theorem and look

into its consequences.

Corollary 4. (Fundamental theorem of algebra) Every non-constant polynomial
with complex coefficients P(z) has at least one complex root.

Proof. Suppose P has no complex roots. Then |P(z)| # 0. Since P is a continuous
function and P(z) — oo (z — o0), there exists m > 0 such that |[P(z)] > m > 0
(because |P| is “large” outside some disk |z| < R and has a minimum on the disk
|z| < R). Then the function f(z) = % is analytic and bounded by X, so by
Liouville’s theorem, f(z) = const. Then P(z) = const, i.e. P is of non-positive
degree. |

Lecture 8. COROLLARIES OF CAUCHY INTEGRAL FORMULA. FUNCTIONS
SERIES

March 22, 2017
Relevant Sections in Markushevich:
11.5.22, 1.14.72, 1.15.75
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8.1. Harmonic functions. Now that we know that every differentiable on a do-
main function f is infinitely differentiable and therefore so are its real and imaginary
parts, we can observe the following. Let f(z) = u(z,y) + iv(z,y), where u,v are
real-valued functions of real variables x,y, be analytic on a domain G. Then by
Cauchy—Riemann equations and by infinite differentiability of u, v, we have

Pu 0%*u 0 odv 0 v

S+t 5= +—|—%) =0,

0x2 0y Oz dy Oy < 8x>
that is u satisfies the Laplace equation Au =0 on G (where A = 86722 + 88—:2). Such
functions are called harmonic on the domain G. Same computation can be done
for v, so we obtain the following statement.

Theorem 29. If f(z) = u(x,y) + iv(x,y), where u,v are real-valued functions of
real variables x,y, is analytic on a domain G, then v and v are harmonic on the
same domain.

Now we can answer the reasonable question, which functions u(z,y) can be
completed into an analytic function f = u 4+ iw? The above theorem asserts that u
must be harmonic. We show in the next theorem that this requirement is sufficient
(if the domain is simply connected).

For a given harmonic u, a function v such that u + v is analytic is called a
harmonic conjugate of u. Note that this is not exactly a symmetric relation: if v is
a harmonic conjugate of u, then v is a harmonic conjugate of —v.

EXAMPLE. u(x,y) = 2zy. Note that Au = 0. Find its harmonic conjugate. We
have g—z =2y, so v = y> 4+ C(x). To find C(z), differentiate ¢ = C’(x). We have

ox
g—z = ,%Z’ so C'(z) = =2z, and C = 2%+ Cy, so v = y* — 2%+ ¢o. This is of course
unsurprising since f(z) = —iz? is an analytic function with Re f = 2zy.

Theorem 30. Let u(z,y) be a harmonic function on a simply connected domain G.
Then there exists a unique up to an additive real constant function v(x,y) harmonic
on the domain G such that f(z) = u(x,y)+iv(x,y) is analytic on the same domain.

Proof. Finding such v amounts to solving a partial differential equation

% = P(xz,y), where P(x,y) = 7?,
' Yy
ou
%Z = Q(z,y), where Q(z,y) = P

As we know from PDEs or multivariable real analysis, in the event when %—1; = %

(which is the case since u is harmonic), a solution v(z, y), up to an additive constant,
is given by
(z,y)
v(z,y) = / P(z,y)dz + Q(z,y)dy,
(z0,y0)
where (z9,y0), (z,y) € G. Note that the integral is path independent by Green’s
theorem and simple connectedness of G. (]

ExAMPLE. Consider u(z,y) = 423y — 42y3. Then we have by the above formula

(zy)
v(z,y) = /( (—da® + 12xy?)dx + (120%y — 4y°)dy = —2* + 62%y* — y* + Oy,

*0,Y0)
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where the computation can be done, for example, by picking a curve that consists
of two straight line segments joining points (zo, y0), («, yo), (z,y); or a straight line
from (zo,y0) to (z,y). Note that the answer is hardly surprising since u(z,y) =
Im(2%) = Re(—iz%).

ExXaMPLE. For those who are not fans of curve integrals, the same computation
can be carried out in terms of single-variable integration. Indeed, consider the same
u(z,y) = 43y — 4ry®. Then if we are to satisfy Cauchy—Riemann equations, we
have

ov Oou
— = ——— = —4a® 4 12z9°.
Or oy vt Loy
Integrating, we get
v = /(—4m3 +12zy%)dr = —122* 4 62%y* + C(y).

To find C(y), we check the other Cauchy—Riemann equation:

g—; =0+ 1222y + C'(y) = % = 1222y — 4°,

So C(y) = —y* + Cp, which gives that same answer as we obtained before, v =

—x* 4+ 62%y? — y* + Cy. (Note that one can show that x is cancelled out in the

above equation precisely because u is harmonic.)

REMARK. Note that the requirement of the domain to be simply connected is

essential. If the domain is multiply connected, we may get a multivalued function v.

To get an idea of what is going on in such case, look at u(z,y) = 3 In(z? + y?).
Observe the following. Suppose u, v are harmonic conjugates. Then the function

(u+iv)? = u? — v? + 2iuw is analytic and therefore u? — v? is harmonic. This can

be generalized in the following theorem.

Theorem 31. (Composition of harmonic functions) Let u,v be conjugate harmonic
functions on a domain G. For any function g = s + it analytic on the image of
G under u+iv, the functions s(u(z,y),v(x,y)), t(u(z,y),v(z,y)) are harmonic on
G, and the latter is a harmonic conjugate of the former.

Proof. Denote u+iv = f. Then go f is analytic on G by chain rule. The statement
follows by Theorem O

For example, if u,v are harmonic conjugates, then so is uv, and its harmonic

conjugate is —3(v? — u?).

8.2. Change of variable in the complex integral. Another thing that we are
equipped to deal with now that we know that analytic functions are infinitely
differentiable is change of variable in the complex integral.

Theorem 32. (Change of variable in the complex integral) Let f(z) be a differ-
entiable function on a domain G, let L be a rectifiable curve contained in G, with
image A = f(L) under the map z — w = f(z). Then A is a rectifiable curve and

[ atwidw = [ a5

where ®(w) is any continuous function on A.
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Proof. First we need to show that both integrals exist. (Note that before we estab-
lished Corollary [2| we couldn’t even assert that the integral on the right hand side
exists since f’ could hypothetically ruin integrability. In real variable, there are
plenty such functions, e.g., f(x) = 2%sin(1/2?) is differentiable but its derivative is
unbounded and therefore not integrable on a neighborhood of 0.)

Since f is differentiable, by Corollary[2]so is f/, and, in particular, f’ is continuous
on L. Therefore the integral [, ®(f(2))f’(z)dz exists.

To show that the left hand side integral exists, we show that A is rectifiable. Let
P be a partition of domain of function parameterizing L, let zg,..., 2, be points
on L corresponding to partition points of P, and let wy, = f(z), k = 0,1,...,n.

Then
supz lwi — wg_1] = Supz / f(z)dz
L= P p=117on

where o}, is the piece of L joining z;_1 and zg, lx is the length of oy, I is the length
of L, and

< Milk - M,
k=1

_ /
M = Igleafo (2).

The latter maximum is finite because f’ is continuous and L is a closed bounded
set. Therefore,

n
supz |wg — wi—1| < 00
P o=
and A is rectifiable.
Second, to prove the equality between integrals, we note that by fundamental
theorem of calculus,

Jy®w)dw = Jim 3 D)y~ wi) =
- k'r:Ll
N |7£i|130 kzzjl(p(wk)a{ fle)de =
= Jm 3 [ RS ()
while .
J o @ = i S [ et
Then
[o()de — [O(E)S ()= =
= Jim 3 T () - SIS ()
V=104

Note that since ®(f) is continuous on L, it is uniformly continuous, so for partitions
fine enough, given arbitrary € > 0 we have

[©(f(z1)) — @(f(2))] <€

for all k =1,2,...,n. Therefore, for fine enough partitions

3 / B(f(20)) — B(f ()] f (2)dz| < Mel,
k=1 9k

so [®(w)dw — [ ®(f(2))f'(z)dz = 0. O
A L
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8.3. Function series. Now we start next major topic, studying analytic functions
through their Taylor series. At this point we know that every complex differentiable
on an open set function is infinitely differentiable on the same set, by Corollary
By itself, that does not mean that the function is represented by its Taylor series.
For example, this is not always the case for infinitely differentiable real functions,
as we can see by considering the function f(z) = e~1/%° extended to 0 by f(0)=0.
It is not hard to see that this is a infinitely differentiable function with f(™(0) = 0,
so its Taylor series at x = 0 is 0.

Our goal for the moment is to show that every complex differentiable on an open
set function is indeed represented by its Taylor series, which will finally justify the
use of the term analytic function. For that, in the remaining part of this lecture we
recall some results about function series.

Let
> fal2) = A2) + f2(2) + o ful2) +
n=0

be an infinite series of functions defined on a set E C C. By s,(2), n =0,1,2,...,
we denote n-th partial sum of this series:

sn(2) = fo(2) + fi(z) + ... + fu(2).

Definition 15. The series .- | fu(2) is said to converge to a function f(z) uni-
formly on E if given any € > 0, there exist an integer N > 0 such that

[f(2) = sn(2)| <e
for any integer n > N and any point z € E.
Theorem 33. (Cauchy Criterion) Series Y, fn(z) converges uniformly on E if
giwen any € > 0, there exists an integer N > 0 such that
|sn(2) — sm(2)| < e
for any integers m,n > N and any point z € E.

Proof. See calculus. (Il

REMARK. Of course, we may consider series where terms are indexed by numbers
starting from any integer ng, for example, > " 5 f,.

ExaMPLE. Consider power series Y -, z" on sets By = {z | |2| < 1/2}, B3 =
{2112l < 1}, Bs = {z | |2 < 10}.

On FE; the series converges uniformly, as will be evident from the next theorem.
On Ej3 the series diverges. On FE5 the series does converge as a geometric series
with ratio z, |z| < 1. Show that it does not converge uniformly on Fs. Indeed,

Lt N e
[1— 2| - [1— 2|

|Sntp(2) — sn(z)| = 2" T 4. 4+ 2P| =

Take p=n and z = 2=,

n

iz (1-1)" (1 (12 1))

since (1 — E)n — e~ 1. Therefore, Cauchy criterion fails for this series on Es.
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Theorem 34. (Weierstrass M-test) Given a convergent number series > - M,,
where M,, € R, M, > 0, suppose that functions fo(z), f1(2),... are such that
|fn(2)| < M, for all z € E and n exceeding some fized number N > 0. Then
Yoo o fn(2) is convergent uniformly on E.

Proof. Let sp(2) = fo(2) + ...+ fu(2), and S, = My + ...+ M,,. For definiteness,
let n > m. Then

[$0(2) = $m (2)] < | fme1 ()| + -+ |[f(2)| < Mpg1 + ...+ My, =[S, — Sl
The statement follows by Cauchy criterion. Work out details. O

In the above example, the uniform convergence on F; follows directly from this
. 1 n
theorem with M,, = (5) .

Theorem 35. Suppose
S ulz) = £(2)
n=0

is uniformly convergent on E, and each f,(z) is continuous on E. Then f(z) is
continuous on E.

Proof. Use |f(z) = f(20)| < |f(2) = sn(2)|+|sn(2) = sn(20)|+ |sn(20) — f(20)|. Work
out details. [l

Theorem 36. Given a rectifiable curve L, suppose
Z fn(2) = f(2)
n=0

is uniformly convergent on L, and every f, is continuous on L. Then the series
above can be integrated term by term along L, that is

i/Lfn(Z)dZ—/Lgfn(z)dZ—/Lf(z)dz.

Proof. First of all, f is continuous on L by the previous theorem, so the integral
J;, f(2)dz is defined.
Second, since >~ fn(2) is uniformly convergent on L, choose N such that

sn(2) = f(2)] <&/l

for every n > N and z € L, where [ is the length of L. Then for each n > N we
have

S [ fulz)dz — [ 1) _

k=0L

IN
~
™

~
-~
I
™

O

We are now ready to prove that every analytic complex function is represented
by its Taylor series. We will do that in the next lecture.
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Lecture 9. TAYLOR SERIES. WEIERSTRASS’ THEOREM

March 29, 2017
Relevant Sections in Markushevich:
1.15.75, 1.16.78-79.

9.1. Taylor expansion.

Theorem 37. (Taylor series) Let function f be analytic on a domain G. Let a be
a point in G, and let the circle 7, : |z — a| = p be contained in G together with
interior I(y,). Then f(z) can be represented as a sum of series

fz)= i cn(z —a)" at every z € I(7,),
n=0
where .
[ (a) 1 f(©)
T T T o / (¢ —a)rtt dc.

Moreover, this series converges uniformly in I(vy,).

Proof. We have z € I(7y,) and ¢ € v,. Note that
1 1 1 1

= = ©Ca-(Gao  (ai-z=t"

o0

- C%lngz;o(g:g) -
= Z o

Note that Z=2 = 229l < 1 5o by Weierstrass M-test (Theorem , the series

IC=al = o
above converges uniformly in ¢ € «y,. Therefore we can integrate suc

by term. We have

_ 1 f(Q) f(¢ _
)_% %szd 2m/ Z — "*1 dC—

oo 1 ; o
:Z<2m/vpf((<o(n+l > Z(Qm/f(;))mdc>(z_a)n:

(zfa)”.

series term

To prove uniform convergence of the above series, note that by Cauchy’s inequal—
™ (a) M (p1
n!

ities (Theorem , len| = for any p;1 such that the circle v,, i

contained in G together with its interlor
n
Then taking such p; > p, we get that |f (a)( a)™| < M(p) (pﬂl) , so the

series converges uniformly on v, by, again, Weierstrass M-test. d

The theorem above asserts, among other things, that if a function is complex
differentiable once, then it is infinitely differentiable and, moreover, equals to the
sum of its Taylor series. This justifies the use of the term analytic function whenever
we are talking about a function, complex differentiable on an open set. (Recall that
we also can use another term, holomorphic function.)
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Corollary 5. In the above notation, |c,| < %
Proof. Follows directly from Cauchy inequalities (Theorem , or from the proof

above. O

Now we have another way to prove Liouville’s Theorem 28 Recall that functions
analytic on C are called entire.

Theorem [28| (Liouville) If f(z) entire and bounded, then f(z) = const.
Proof. For n > 1, |cy| < % for any p, so |c,| = 0, and, therefore f(z) =c¢o. O
So, Liouville’s theorem says that a bounded entire function must be constant.
Another way to state the Liouville’s theorem is the following: if a function is
analytic on C, then it is constant. (We say that a function f(z) is analytic at
z = oo if f(1/z) is analytic at z = 0. At this point of the course it is not entirely
clear why being bounded and being analytic at oo are equivalent conditions in this
case, but we will see that they indeed are once we get to classification of singular
points.)

9.2. Radius of convergence of a power series. Now that we know that every
analytic function is represented by its Taylor series, there is a natural question
whether the converse is true; that is, whether the sum of a power series is an
analytic function. Another reason for asking this question is that, as it will be
apparent in the next lecture, it is precisely what is missing to fully take advantage
of Taylor expansion. To investigate this question, we first recall some classic facts
about power series.

REMINDER. Let (z,) be a sequence in R. A number z € R or +o0 is called an
accumulation point (sometimes called limit point or cluster point) of (x,) if every
open neighborhood of = contains infinitely many terms of (x,) (by a neighborhood
of +00 we mean any open ray (a,+00).)

For example, ((—1)™) has two accumulation points: 1. A sequence that has
a limit { has only one accumulation point, [. If a sequence (g,) enumerates all
rational numbers, then the set of its accumulation point is R U {£oco}.

For a sequence (z,) in R, its upper limit (or limit superior) limsup,,_, . &, is
the supremum of the set of accumulation (limit) points of z,. As a convention, for
our purposes, we allow limsup to be +oo (which corresponds to the sequence (z,)
being unbounded above); or —oo (which corresponds to the sequence having limit
—00). One can show that the set S of limit points of a sequence is closed, so we
can replace supremum with mazimum.

EXAMPLES. limsup,,_,,,(—1)" = 1. limsup,,_,(-1)" + 1 =1

limsup(0,1,0,2,0,3,...) = co. limsup(0,—1,-2,...) = —o0.

Note that for a limit superior of a real sequence always exists as a real number,
+00, or —o0.

Theorem 38. (Cauchy-Hadamard) Given the power series

ap 4+ a1(z — 20) + as(z — 2)% + ...,

A = limsup V/|ay|,
n—oo

and let y be the circle |z — zg| = R with interior I(y) and exterior E(v). Then there
are three possibilities:

let R = %, where
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(1) If R =0, the series diverges Vz # zg.

(2) If 0 < R < o0, the series is absolutely convergent Vz € I(vy) and divergent
Vz € E(y).

(3) If R = oo, the series is absolutely convergent for all z € C.

Proof. Follows from the following lemma (known as root test).

o0

Lemma 5. Let Y b, be a complex series. Let £ = limsup ¥/|b,|. The series
n=0 n—o0

converges if £ < 1 and diverges if £ > 1.

Proof of Lemma. If £ < 1, take any ¢ < s < 1. The series is ultimately dominated
by > s™, which converges.

If £ > 1, take any 1 < s < £. The series has infinitely many terms > s”, thus
fails nth term test. See calculus for details. O

To prove the theorem, consider

¢ =limsup V/|a,(z — 20)"| = |z — 20| A
n—oo
and compare this value to 1. (Il

Circle v is called the circle of convergence, I() is called the disc of convergence,
and R is called the radius of convergence.

REMARK. The convergence is uniform on every closed disc (therefore, every
closed set) contained in I(7y) (this will be stated in the next lecture as a separate
theorem).

REMARK. On the other hand, uniform convergence on the whole I(v) fails. We
will prove later that it fails always (for nonconstant functions), but for now we at
least have an explicit example (see example after Theorem .

REMARK. Finally, note that the theorem above does not assert anything about
convergence at points of the circle v itself, and for a good reason: the set of points
of «v where the series converges depends on the series and may be very complicated.

It is easy to use Taylor expansion Theorem [37] to deduce that following notable
functions expand as Taylor series that converge everywhere, i.e. have infinite radius
of convergence. At zy = 0 the series take the following form:

o n e 2n e Z2n+1

. z B z ) B
e = 3:0 or cosh z = ngzo —(271)!7 sinh z = nEZO 7(271 1
s L2041 o0 42n
inz=>» (-1)"—— =D ()"
s n:O< V' G * n:o( oI

For example, perform the necessary computations in the case of sinz. Compute
derivatives directly:

(4k) (4k+1) (4k+2) (4k+3)

sin z=sinz, sin z =cosz, sin z = —sinz, sin Z = —cCcosz.

n z2ntt

Plugging in zyp = 0, we get that sinz = >~ (—1) Grryr- Now find the radius of
convergence using Cauchy—Hadamard theorem (note that the computation below is

not really necessary, because sin z is entire, so any p can be used in Taylor expansion
Theorem [38)). Nevertheless, we have

A =limsup {/|cnl,
n—oo
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where ¢, = 0 for even n and capy1 = 1/(2k + 1)! for odd n = 2k + 1. lim /0 =0

and, since by calculus lim {/n™/n! = e, lim **%/1/(2k 4+ 1)! =0, so

A = limsup {/|c,| = max{0,0} =0,

n—oo
and therefore R = co. -
1
It is also easy to establish that 1T12 expands at zp = 0 as 1 = Zz",
—z
n=0

with radius of convergence 1, either by taking limsup {/1 = 1, or by arguing that
the largest open disc centered at 0 that fits in C\ {1} is of radius 1. (Notice
that neither argument is really necessary for this series, as it is just the sum of a
geometric series.)

We will deal with expansion of arbitrary rational function P(z)/Q(z) later. For
now, we can give an instructive example. If f(z) = #?id) with ¢,d # 0 and
¢ # d, then we can decompose

az+b A B —A 1 -B 1

f(z):(z—c)(z—d):z—c+z—d:?.@+7.l—§'

The two latter functions can be expanded using the Taylor series for 1/(1 — z).
Radius of convergence is in this case min{|c|, |d|}, as it follows from problems of
Homework 9, or as can be seen by a direct computation according to Cauchy—
Hadamard Theorem [38] or by application of Taylor expansion Theorem [37]

As one more example of applying Cauchy—Hadamard theorem, consider the series
S n"2"". The sequence ¥/|c,| has terms 0 and "v/n™ (not {/n™ = n). Notice that
lim "V/n™ =1, 50 A = max{0,1} = 1, and R = 1.

Finally, we include a brief note about Ratio Test. One may recall that, for a

n Ant1

, whenever the limit A = lim
n— oo

o0
power series Y. an(z — 29) exists, it gives

n=0
the radius of convergence R = 1/A. The proof is based on the same idea as that
of “root test” Theorem that is comparing to a geometric series. Applying the
ratio test is often easier than root test, but it is not hard to observe that ratio
test may fail irreparably even in a simple situation (see example below), while
Cauchy-Hadamard Theorem [3§ based on root test works always.

n

ExAMPLE. Consider the series Y (34 (—1)")"z". Applying Cauchy—Hadamard
n=0
Theorem we get

A =limsup V/(3+ (—1)?)» = limsup (2,4,2,4,...) =4,

n— oo

so R = i. Now construct sequence <|%\) and try to apply ratio test,

42 23 44 42k 22k+1
( >:<2’42723’...722k—1’42k7...>.
We see that the subsequence of odd terms converges to 0 and that of even terms
to co. Therefore not only the limit does not exist, but also A = 4 is not even among
the accumulation points of the sequence. Further, for any given 0 < A < oo it is

not hard to similarly construct a series for which ratio test produces a sequence
with accumulation points 0, co. So accumulation points of the sequence in the ratio

anJrl
27
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test may not be enough to extract any information about the radius of convergence.
In this sense, ratio test fails irreparably for such series, as stated above.

9.3. Weierstrass’ theorem on uniformly convergent series of analytic func-
tions. Recall that a subset K C C is called compact if it is closed and bounded.

Theorem 39. (Weierstrass’ theorem on uniformly convergent series of analytic
functions) If the series

oo

> fal2)

n=0

is uniformly convergent on every compact subset of a domain G, and if every term
fn(z) is analytic on G, then f(z) is analytic on G. Moreover, the series can be
differentiated term by term any number of times, i.e.

S 5B = ;P () Ve G Vk20

and each differentiated series is uniformly convergent on every compact subset of G.

Proof. Let zp € G. Pick 7 : |z — 29| = p such that I(vy) Uy C G. Multiplying the

equality
n=0

by Wa we get

Ko~ fal) K f2)

% "0 (Z — Z())k+1 o 211 (Z — Z())k+1 ’

Show that the convergence of the above series is uniform on ~. Indeed, it follows
by Cauchy criterion (Theorem :

M M
> fal2)/(z = 20)F| = D fal2)| = Zn
n=N n=N
By Theorem (36| . 6| this series can be integrated term-wise:
k! f(z)
=— | ———dz.
2mi Z/ (z — 20) k+1 dz = 2mi )., (2 — 2zo)k+1 :

Since all f,, are analytic, by Cauchy Integral Formula (Theorem. f”i(z)dz =

re ,Y (z—z0)Fk+1
11 (z0), s0

0 (M,N — ).

|z — zo|F

) f(2)
Z f(k = omi [y (z — z)F+1 dz.

For k = 0, we have

= 1
an(ZO) ﬁ zZ— Zo

¥
Note that the left hand 81de is equal to f(z

271'2/7 — zo
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where f(z) (in the integrand) is continuous on 7 as a uniform (on ~) limit of
continuous functions. We get that f = Ziozo n 1s represented by an integral of
Cauchy type. By Theorem 25| f is, therefore, differentiable.

Since we now know that f is differentiable, for k£ > 0 we get that righthand side
is equal to f*) (), so we have

£ () = _ K f(2) _ (),
Z ' 271'22/ z—zok‘H Z_QWi/V(z—zo)k‘HdZ_fk()'

To prove the last part of the statement, the uniformity, we need the following
lemma.

Lemma 6. Convergence of a seriesy , gn(z) is uniform on compact subsets of a do-
main G if and only if every point of G has a neighborhood on which the convergence
is uniform.

Proof. The = direction follows immediately since by considering a closed (therefore
compact) neighborhood of a given point.

The other direction <« follows by Heine—Borel theorem: given a compact set
K, each its point possesses a neighborhood on which the convergence is uniform.
By compactness (Heine-Borel theorem), K can be covered by finitely many such
neighborhoods, which is enough for uniformity on the whole K. ]

By the lemma above, to establish that the differentiated series is uniformly con-
vergent on every compact subset of G, it is enough to show that every point zg € G
has a neighborhood on which the series converges uniformly. For a point zy, con-
sider the open disc B,/3(20). Pick n such that |s,(z) — f(2)| < € on v (here s,
stands for the n-th partial sum Z _o fi(2)). Then for any z € B,/5(20), we have

- (k) (k) :’Ln Q) _ K & =
20 2ni Z/ (a7l B (e

§=0
| R sn(2) — f(2) k! €
B %/ C— a1 N = 2 o

as € = 0. (The denominator part of the last inequality is provided by [( — z| > p/2
since ¢ € v and z € B,/3(20).) O

2mp — 0

Note that G being a domain is essential, as the following two examples show.
(They also demonstrate that the statement of Weierstrass theorem fails in R.)

EXAMPLE 1. p(z) = Yo7 b" cos(a"mz), where z € R, 0 < b < 1,ab>1+ 3
is uniformly convergent (dominated by > b™), but one can show that the function
() is not differentiable at any point of R. This example shows that the first part
of the statement (analyticity) can fail if G is not a domain. (Note that the limit
is still continuous as a uniform limit of continuous functions. So this is also an
example of a continuous but nowhere differentiable function.)

EXAMPLE 2. Series

. sin 2z . sin3x  sin2z
Slnx—i—( B smx)—i—( 3 B )+

is uniformly convergent to 0 on R (because s, < 1/n), but differentiating the series
termwise gives a divergent series cos x+(cos 2z — cos z)+(cos 3z — cos 2z)+. ... This
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example shows that the second part of the statement (term-wise differentiation) can
fail if G is not a domain.
Switching from series to sequences, we get the following corollary.

Corollary 6. (Weierstrass’ theorem on uniformly convergent sequences of analytic
functions) If the sequence (g,(z)) uniformly converges to g(z) on every compact
subset of a domain G, and if every term g, (2) is analytic on G, then g(z) is analytic
on G. Moreover, the sequence can be differentiated term by term any number of
times, i.e. (g,(f) (2)) = g'¥)(2), and each differentiated sequence converges uniformly
on every compact subset of G.

Proof. Formally put go = 0 and define f,(z) = gn(2) — gn—1(2). The statement
now follows by Weierstrass’ Theorem O

Lecture 10. UNIQUENESS THEOREMS. MAXIMUM MODULUS PRINCIPLE

April 5, 2017
Relevant Sections in Markushevich:
1.16.79, 1.17.82-83

10.1. Sum of a power series is analytic. Now, note that if v : [z — 29| = R
is the circle of convergence of a power series ag + a1(z — 2z9) + .. ., then the series
is uniformly convergent on every compact subset of I(y) by Weierstrass M-test,
so Weierstrass theorem applies to convergence of a power series on the disc
I(7) = {lz — 2| < R}

REMARK. Uniform convergence on () fails. We will prove later that it fails
always (for nonconstant functions), but for now we at least have an explicit example
(see example after Theorem [33)).

Recall that so far we know that an analytic function can be represented by its
Taylor series. What about other way around? That is, given a power series, can
we assert that its sum is an analytic function? The answer is yes. More exactly,
the following theorem holds.

Theorem 40. The power series
f(2) = ar(z—=)"
k=0

with radius of convergence R defines an analytic function f(z) on the disc K :
|z — 20| < R, and the coefficients ag,as,... are given by

(k)
ap — 7f (ZO) .
k!
Moreover, the series f(z) can be differentiated term by term any number of times,

and each differentiated series converges uniformly on compact subsets of K.

Proof. Since the convergence is uniform on compact subsets of K (as mentioned
above), the assertion follows by Weierstrass’ Theorem O

One important consequence is the following statement.

Theorem 41. If f is analytic on a domain G, and f(z9) = 0 for a point zy € G,
then g(z) = % (extended to z = zy by continuity) is analytic on the domain G.
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Proof. Analyticity of g at all points of G except for z = zy follows immediately
from rules of differentiation. Analyticity of g at z = zy follows from the theorem
above and the fact that the radii of convergence of

o0 o0
Z an(z — 29)" and Z an(z — 20)" "
n=1 n=1

coincide. O

Note that while this theorem is easy to take for granted, it is not obvious (at
least, not without the machinery we developed). For example, if we consider a very
“tame” function f(z) = Z, we can see that f(0) = 0, but f(z)/z cannot be even
extended continuously to z = 0 (for example, because f(x)/z =1 for 0 # x € R
and f(iy)/(iy) = —1 for 0 # y € R).

Also note that for a differentiable function R — R s.t. f(0) = 0, the ratio
f(z)/x, even if defined by continuity at 0, can easily be non-differentiable at 0, e.g.
f(z) = z|z].

10.2. Uniqueness theorems.

Theorem 42. If the sums of two power series

Z an(z — 20)", Z bn(z — 20)"
n=0

n=0

coincide in a neighborhood of zy, then a, = b, for alln > 0.

Proof. It’s a direct consequence of Theorem [40] since all derivatives at zo are
uniquely determined by values of a function on an arbitrarily small neighborhood
of Z20- O

Theorem 43. If the sums of two power series

D an(z=20)" D balz = 20)"
n=0 n=0

coincide on a sequence (zp,) of distinct points such that z, — zo, then a, = by,.

Proof. Since the sum of a power series is a continuous function within the radius
of convergence, we have that

ap = nlLrIgo(ao +ai(zn—20)+...) = nlirgo(bo +b1(zn —20) +...) = bo.
Proceed by subtracting ag = by from both series and dividing by (z — zp). O

EXAMPLE 1. Does there exist a nonzero entire function f such that f(1/n) =0
for each positive integer n? No. Indeed, set z, = 1/n and zg = 0 in the above
theorem. We get that all Taylor coefficients of f(z) and of 0 are the same, so f = 0.

EXAMPLE 2. Does there exist a nonzero analytic on {Rez > 0} function f such
that f(1/n) = 0 for each positive integer n? Yes, for example f(z) = sin(Z). This
does not contradict the above theorem, since f does not have a Taylor expansion
at 0 (the limit of 1/n). (In other words, since the limit of 1/n is not in the domain
of analyticity of f.)

To generalize the above two examples in the next theorem, we recall a topological
notion. (The following definition works for an arbitrary topological space, but we
are going to need it only for C.)
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Given a set £ C C, a point z € C is called a limit (or accumulation, or cluster)
point of E if any open neighborhood of z contains a point of F, distinct from z
itself. This is equivalent to z being a limit of a sequence of distinct points in F.

It is not hard to see that the set of all limit points of a given set E is always
closed.

Theorem 44. (Interior uniqueness theorem) Suppose two functions analytic on a
domain G coincide on a set that has a limit point in G. Then f and g coincide on
the whole domain G.

Proof. Consider the set E = {z € G| f(2) = g(2)}. Let Eq be the set of all limit
points of F in G. Note that F; is closed in G since it is a set of limit points. Note
also that it is open by the previous theorem. Indeed, let zg be a limit point of
E| so there is a sequence z, — zy with z, € E. By the previous theorem, Taylor
expansions of f and g at zg are equal, so F, and therefore F;, contains an open
disc centered at zg, as required.

Now, recall that by definition of a domain, G is a connected set, so any subset of
G that is both open and closed in G must be either empty or the entire G. We are
given that F; contains at least one point, so the former is impossible, and therefore
E; = G. Tt is only left to note that since both f and g are continuous, f = g on
Ei,s0 f=gonQG. O

This theorem is quite strong: it allows to assert that two analytic functions
are equal on a domain G provided only that they are equal on a some set F that
possesses a limit point in G.

EXAMPLE 1. Is there a complex differentiable on C function f(z) s.t. f(z) =0
for z < 0 and f(z) = e /%" for z > 07 No, because f(z) would have to coincide
with 0.

EXAMPLE 2. Is there a complex differentiable on C function f(z) s.t. f(z) =
sinz for x > 0 and f(x) =cosx — 14z if z <07 No, because f(z) would have to
coincide with both sin z and cosz — 1 + z.

EXAMPLE 3. We can now prove the addition formulas @,@ for cos and sin
without any computations, granted that we know them for the real variable. For
example, prove the formula @: cos(z1 + 22) = cos 21 oS 2o — sin 21 sin 2.

Indeed, if z; is fixed and real, the left hand side and right hand side are functions
of a complex variable z5, and we know that these functions coincide if z5 is real.
By the Interior uniqueness theorem [44] we conclude that these functions must be
the same for all compler z5. Now, fix arbitrary complex zo and consider both sides
as functions of a complex variable z;. We already know that if z; is real, these
functions coincide. Therefore, by Interior uniqueness theorem they coincide for all
complex z1. Recall that zo was arbitrary complex, so the left hand side and the
right hand side coincide for all complex z1, zo.

EXAMPLE 4. The uniqueness part of Theorem (existence and uniqueness
of the exponential) now follows immediately. So the proof condenses to “consider
f(z) = e*(cosy +isiny). It satisfies all conditions of the theorem, and it is unique
by the Interior uniqueness theorem”.

10.3. Maximum Modulus Principle. Recall that as an immediate consequence
of Cauchy integral formula, we proved Theorem [24] which asserted that a differ-
entiable on a domain function cannot have a local strict maximum of its absolute
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value at any point of the domain. Now, as promised, we can prove the same about
non-strict maximum.

Theorem 45. (Maximum Modulus Principle) If f(z) is a nonconstant analytic
function on a domain G, then |f(z)| cannot have a non-strict local mazimum at
any point of G.

Proof. Suppose not, that is at some point zy we have a neighborhood B;.(z) such
that for any z € B, (2),

£ (z0)l = £ (2)]-

Expand f into a Taylor series at zg:
f(Z) = Qq + CLk(Z — Zo)k + CL}H_l(Z — Zo)kJrl + ...

where ag = f(z0) # 0 (otherwise |f(z9)] = 0so f =0 on B,(zp) and, by uniqueness
theorem, f = 0 on G), and ay, is the first nonzero coefficient among ay, as, ... (if
there are none, f(z) = const). Write

f(2) = f(z0) + B(z = 20)" (1 + ¢(2)),
where B = ay, and ¢(2) = % (ap+1(2—20) +ar42(2 —20)? +...), L.e. ¢ is continuous
(in fact, analytic) on G and ¢(z9) = 0. Pick z € B,.(z9), 2z # 2 so that

Arg Bz — 20)* = Arg f(20)
and r so that ¢(z) is small enough (|p(2)| < 1/10 suffices). Then
[F(2)] = [f(20) + Bz = 2)" (1 + 0(2))| > | (z0)],

(see Figure |3) contradicting the initial assumption. [l

ao + B(z — z)F
ag - f(20) ao + B(z — 20)F + B(z — 20)* - o(2)

| (z0)] :“|a0|

"R = lao + Bz — 201+ 0(2)

FIGURE 3. To guarantee |f(z)| > |f(20)|, we only need the marked
angle to be obtuse, for which ¢(z) < 1/10 is certainly enough.

Another way to put the above theorem is to say that if an analytic function has
a non-strict maximum of its absolute value at a point of G, then the function is
constant. Yet another way to say the same is the following: an analytic function
cannot reach local non-strict maximum of its absolute value at an interior point of
a set.

A similar proof works for so-called minimum modulus principle (with the dif-
ference that one has to make sure the argument of B(z — z9)* is opposite of the
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argument of ag). Alternatively, it can be deduced as a direct corollary of the max-
imum modulus principle.

Corollary 7. (Minimum Modulus Principle) The absolute value of a nonconstant
analytic function on a domain G cannot have a minimum at any point of G, which
is not a zero of f(z).

Proof. Apply Maximum Modulus Principle to 1/f(z). O
10.4. Schwarz’s Lemma.

Theorem 46. (Schwarz’s Lemma) Let f(z) be a function which is analytic on the
disc K : |z| < R, f(0) =0 and suppose that

[f(2)] < M < o0
forall z € K. Then
M
£ < Rl
forall z € K, and
M
1f'(0)] < 7
Either equality is achieved if and only if f is a linear function
M
f(Z) - elafza

where a € R.

Proof. Note that function ¢(z) = f(z)/z is analytic on K. Consider a disc K, :
|z| < p with a p < R. Denote by ~, the circle |z| = p. Then by Maximum Modulus
Principle (Theorem , || cannot achieve it’s maximum on K, at a point of K,

S0
max |¢(z)| = max |p(z)] = max f2) = ——=< —.
z€K, 2&% €% | p p P

Note that this inequality holds for every p < R, so it also holds for p = R. But this
is exactly what the theorem asserts:

e

2l TR

Further, f'(0) = a; = ¢(0), so in particular,

M

"0) < =
By the equality part of Maximum Modulus Principle (Theorem , equalities are
only achieved for a constant ¢(z), that is, for f(z) = C - z. In that case, |C| must
be equal to M/R, so f(z) = e 4z, O

M(p) M

This fact has following geometric interpretation. If image of a disc K under an
analytic map is inside a disc L, then the image of a smaller disc K’ under the same
map is a proportionally smaller disc L’ inside L.

Recall that every Mobius transformation of the form
z—a

w(z) = eml —

with @ € R and |a] < 1 sends the closed unit disc |z| < 1 to itself (this can be
checked by verifying that |w(z)| = 1 whenever |z| = 1). Schwarz’s Lemma has a
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really nice consequence asserting that there are no other bijective analytic maps
from unit disc to itself.

Theorem 47. Let K be the closed unit disc |z| < 1. Suppose map f: K — K is
analytic on the open disc |z| < 1, continuous on K, and bijective on the open disc.

Then f is of the form
z—a
flz) =€ ——

1—az

for some o € R and a € C, |a| < 1.

Proof. Suppose f(0) = a. Consider Mobius map

zZ—a

wlz) = 1—az

Note that composition F(z) = ¢(f(z)) sends the open disc {|z| < 1} bijectively
onto itself, and, moreover, F(0) = 0. That is, F satisfies conditions of Schwarz’s
Lemma with M =1 and R = 1. Therefore,

[F(2)] < 2]

for all z € K (the inequality for |z| = 1 follows by continuity). Note that the map
F~1 is well defined and also satisfies conditions of Schwarz’s Lemma, therefore,

[P~ (w)] < Juwl
for all w € K. Comparing these two inequalities, we conclude that |F'(2)| = [z|. By
Schwarz’s Lemma, this is only possible if F(z) = e'®z. So,
-1,y _ ia 20
fe) = () = e 2
with b = —ae~'. g

Lecture 11. SINGULAR POINTS. LAURENT SERIES

April 12, 2017
Relevant Sections in Markushevich:
1.17.84, I1.1.1

11.1. Singular points and the radius of convergence of Taylor series. Note
that if a function f is analytic in the disc |z — 29| < R, then by Theorem [37| the
radius of convergence of Taylor series of f at zq is at least R. On the other hand, if
we for any reason know that function f can not be defined as an analytic function
on a disc |z — zg| < R/, then the radius of convergence of Taylor series of f at zg is
less than R’. (The same argument applies to determine r and R for Laurent series.)

For example, consider f(z) = 1/(1 + 22). It is not hard to find directly that
R = 1, but it can be seen immediately since f takes infinite value at +i. By
the way, this gives a coherent reason why Talyor series of a real-valued function
1/(1 4 2?) diverges at x = £1, while the function itself is perfectly fine at z = +1
and the rest of the real line.

Another example is f(z) = fooo e~ *tdt. The integral converges in Rez > 0 and
diverges in Re z < 0. A direct computation shows that f(z) = 1 for z € {Rez > 0}.
So, at a point zg € {Rez > 0}, the radius of convergence of Taylor series is not
Re zg, as would appear from the fact that the integral diverges for Re z < 0, but
rather |zo| since f(z) can be extended analytically by f(z) = % to C\ 0.

z
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The latter example highlights the following issue: given a function f on a disc
|z — 20| < R, the condition whether the function can be extended analytically to
a larger disc |z — 29| < R + ¢ may be hard to check. Below we make an effort to
replace it with a local condition, so that we do not have to worry about the whole
annular strip R < |z — 29| < R + € at once.

Let K be a disc {|z — 29| < R}, and T its circle {|z — 29| = R}. Given a function
f on the disc K and a point a € I', we say that the point a is a regular point w.r.t.
the pair (f, K) if there is a function f, on the disc K, = {|z — a|] < p} for some
p > 0s.t. f, is analytic and f, = f on the intersection K N K, (in other words,
if f extends analytically to a neighborhood of a). Otherwise, we say that a € T is
singular w.r.t. the pair (f, K).

NoTE. If a is a singular point w.r.t. the pair (f, K), then it is a singular point
w.r.t. any other pair (f, K’') if a happens to be on the boundary circle of K'. We
therefore can call such points just singular points of f, without specifying a disc K.

Turns out, a function can be extended analytically beyond a circle K if and only
if every point is regular. More specifically, the following theorem holds.

Theorem 48. A function given by a power series at zg with radius of convergence R
has at least one singular point on the circle |z — zg| = R.

Proof. Let f be given by a Taylor series on its disc of convergence K = {|z — 2z¢| <
R}, and suppose every point on the circle I' = {|z — z9| = R} is regular w.r.t.
(f, K). ]

Take a union of all circles K, with K: put K = K U Uaer K,. Define a function
f: K — C by setting f(z) = f(2) if z € K, and f(z) = fa(2) if z € K,. We have
to show consistency of this definition. Suppose some z is in both K, and K. Then
both f, and f; are equal to f on the triple intersection K, N K, N K, so by interior
uniqueness theorem 44| f, = f, on K, N K}, in particular f,(2) = fp(2).

Therefore, we extended f analytically to K. Now we have to show that K
actually contains a disc larger than K. This can be done by switching to finite
union by compactness of I', or by employing the notion of distance between sets.
Indeed, note that K is open, so C\ K is a closed set that does not intersect the
closed set K UT, therefore (see Lemma|3) ¢ = dist(C \ K, K UT) > 0. Therefore,
the disc K’ = {|z — 29| < R+ ¢} is contained in K, and f extends analytically to
K’, so K is not the disc of convergence. (|

This theorem gives a practical way to find a radius of convergence of Taylor
series of elementary functions (and other functions given in a reasonable way): one
only needs to find distance from the center zy to the closest singular point.

EXAMPLE. f(z) =1/sinz, zp = 6 + 7i. Finding radius of convergence through
explicit application of Cauchy—Hadamard theorem is unpleasant here, because the
Taylor series itself is unpleasant to find (not impossible though). Instead, we note
that f is analytic everywhere except for zeros of sin, i.e. the points z; = 27k, and
takes infinite value at those points. So the radius of convergence of Taylor series is
the minimum of distances |zg — z|. In this case, it’s 1/(6 — 2m)2 + 72.

11.2. Laurent series. Now we start looking into behavior of functions at points of
non-analyticity. One of important tools for that are Laurent series, that is, power
series where negative powers of the variable are allowed. General idea is that we
already developed all the machinery required to deal with such series when we
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were studying Taylor series. All we have to do is carefully apply those ideas and
techniques.

Theorem 49. Given a function series
Ay + Al(Z — Zo)_l + AQ(Z - Z())_2 + ...,
let
r = limsup V/|Ax|
n— oo
and let vy be the circle v : |z — zo| = r with interior I(vy) and exterior E(~). Then

there are three possibilities:

(1) If r = 0, the series is absolutely convergent for all z € C in the extended
complez plain, except for z = zy.
(2) If 0 <7 < o0, the series is absolutely convergent Vz € E(vy) and divergent

Vz e I(7).
(3) If r = 00, the series diverges Yz # 0o.
Proof. Substitute ¢ = (z — 29) ™! and use Cauchy-Hadamard Theorem (]

Note that the convergence is uniform on compact subsets of E(y) by Weierstrass
M -test, so by Weierstrass Theorem the sum f(z) of the series above is analytic
in E(v). Also, if r is finite, f(z) is analytic at co because f(1/¢) is analytic at 0.
Definition 16. Series

o0
Z an(z — 2z0)"
n=—oo
is called a Laurent series. By definition, such a series converges if and only if its
positive and negative parts

Z an(z — 20)", Z a_n(z—29)""
n=0

n=1

both converge. The sum of a Laurent series is the sum of sums of the two above
Series.
Equivalently,

i an(z—29)" =8

if and only if

v

MILI%O Z an(z — 29)" = S.

V—r00 n=—p

Immediately from definition, Laurent series converges in an annulus (a ring-
shaped region) D : r < |z — 29| < R, where

1
— =limsup V/|a,|, 7 =limsup y/|a_n].
R n—oo n—oQ

Note that convergence is uniform on any compact subset of D (since convergence
of positive and negative part is uniform on compact subsets of D). From this point
on, assume D is not empty, that is r < R.
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Theorem 50. The sum of the Laurent series

oo
f2)="Y an(z—2)"
n=—oo
is analytic on the annulus D : r < |z — z9| < R, and the coefficients ay, are given
by formula
1
Y e

= — I
2mi )y, (2 — zo)+1 7

where 7y, is any circle |z — 20| = p, r < p < R.

keZ

Proof. Analyticity follows immediately from Weierstrass Theorem
From the equality

o0

f)= 3 anlz—=0)"

n=—oo

we get

LL’Z) - Z L.Cln(Z—Z())nikil.

2mi (z — z0)kH1 2mi

Since convergence of the series is uniform on -, it can be integrated term-wise.

Therefore,
In the latter sum, only one term is nonzero, the one with n —k — 1 = —1. We get
1 z 1
=38 (Zin))kH — a2,

as required. 0
Corollary 8. Let .

fz)= ) an(z—20)"
in an annulus D, and ”:;Oo

p(z) = > balz—20)"
in an annulus A, and let f(z) = goz,;{;r all z on a circle y : |z — 29| = p that

belongs both to D and A. Then a,, = b, for everyn € Z.

Theorem 51. (Laurent series expansion) Let f(z) be an analytic function on the
annulus D : r < |z — zg| < R. Then there exits a Laurent series

o0

f)= ) anlz—=)"

n=—oo

converging to f(z) on D. Coefficients a,, are given by the formula

ap = L / Adz Vn € Z,
¥

= - —
2mi ), (2 = 20)"

where 7y, is any circle v, : |z — 20| = p withr < p < R.
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Proof. The proof is very similar to the proof of Thereom [37}
Pick numbers ', R’ so that 0 < r < ' < R’ < R and consider annulus D’ : 0 <
r’ <|z— 29| < R'. Let z1 € D’. Then

f(2)

zZ— 2z

is analytic in D \ {z1}. By Cauchy Integral Theorem for a system of contours, we
have

1 1 1
N IC I R R (C I S A C
211 v 2T A1 211 Ny B2 2mi Jr 2 — 21
where yp : |z — 20| = R, 7 1 |z — 20| = 7/, and T" is a circle in D’ centered at

z1. Note that the latter integral is equal to f(z1) by Cauchy Integral Formula.
Therefore we have

f(z1):2im'/ 112) dz+i (2) dz =1 + I>.
TR/

z2—2 21 Ny B2

We will show that the first integral corresponds to the positive part of a Laurent

series, and the second one the the negative part.
Deal with Iy first. Note that

1 1 1 1

z— 2 (Z*Zo)*(zlfzo)_«z*zol*%
B 1 i(zl—zo)n_
z—2 =\ 2 -2
_ i(zl—zo)”
(z — zp)nt1’

n=0

Multiplying by ﬁ f(2), we get
1 fle) _ 1 f(3)

2miz — 21

(]

_ I\ _ n
= 2mi (2 — zp)" ! (21— 20)"-

This series is uniformly convergent on v/ (because |z — 2| < |21 — 20]), so we can
integrate term by term along this circle. Have

1 f(z) —
L=— [ 2Y¥ 4 S e — 20,
1 2m./7R,221 2 nz:%a (21 — 20)

1 / f(z)
Op = — — 7 dz.
2mi )., (z — zp)t!

For I, we perform a similar calculation:

where
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is uniformly convergent on ;. (because |z1 — 20| < |z — z0|). Therefore,

1
I = — E a_n(z1 —20)"",
211 zl—z

Yt n=1

1 f(z)
n = — ——dz.
“ 2mi /w (z — zp)~ "L :

Putting I; and I, together, we get

where

oo o0

f(z1) = Z 211 (21 — 20)" + Z —20) "= Z an(z1 — 20)".

n=0 n=-—oo

Since z; € D is arbitrary, this is precisely what’s required. To prove the asserted
equality for a,, it is only left to note that by Cauchy’s Integral Theorem, the inte-
grals representing a,, do not change their values if we change the path of integration
t0 Yp. ]

EXAMPLES.

et = i 0, R =o0.

1
= — 0 1.
z(z—l) T zl1-2z Z ’ <lel <

1 1 ———
z(z—l)_z21 _222 n;wz, 1<z] < 0.
Note that the latter two are examples of different Laurent series for the same
function ﬁ with the same center zo = 0. However, there is no contradiction
with uniqueness of Laurent series (Corollary , because the corresponding annuli
do not intersect.

Corollary 9. (Cauchy’s inequalities) Let f be analytic in r < |z — z9| < R, and
r<p<R,andy,:|z—2|=p. Let M(p) =max,, |f(z)|. If a, are the coefficients
of the Laurent series for f in the annulus r < |z — zo| < R, then

lan| < M (p)
p7L

for alln € Z.

Proof. This is a direct corollary of Theorem and the formula for a, in that
theorem. (]

Another observation is that the reasoning of Section applies to the inner
and outer radii of the annulus of convergence of a Laurent series. With natural
adjustments, the proof of Theorem [48] works to obtain the following statement.

Theorem 52. A function given by a Laurent series with annulus of convergence
0<r<l|z—2z| < R< oo has at least one singular point on the circle |z — zo| = R
and at least one singular point on the circle |z — zp| = 7.
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If f(z) =Y 5 an(z — 20)™ is a Laurent expansion of f, we say that > - a,(z —
20)™ is the regular part of the Laurent series, and Y~ ; a_,,(z—2¢) ™™ is the principal
part of the Laurent series.

If for some function f it happens that f(z) = Y, an(z — 20)™ with 0 < |z —
zo| < R, we say that ), an(z — 20)" is a Laurent expansion of f at zy. If the
f(z) = >, a,2" in an annulus r < |z| < oo, we say that ), a,z™ is a Laurent
expansion of f at infinity. In the latter case Y~ ; ¢, (z — 20)" is the principal part
of Laurent series at infinity, and Y7 ja_n(z —20) ™ is the regular part of Laurent
series at infinity.

Lecture 12. ISOLATED SINGULAR POINTS. MEROMORPHIC FUNCTIONS.
RESIDUE THEOREM

April 19, 2017
Relevant Sections in Markushevich:
I1.1.1-4, 11.10.50, 11.2.6

12.1. Isolated singular points. Observe that a point can be a singular point of
a function for different reasons. For example, observe that 0 is a singular point of
V7 and of % In this section we look into a specific kind of singular points, defined
below.

Definition 17. We say that a point a is an isolated singular point of a function
f(z) if f(2) is not defined analytically at z = a, but is analytic in a punctured
neighborhood of a.

There is some awkwardness in terminology:

e According to this definition, an isolated singular point is not necessarily
a singular point in the sense of the preceding section, since f being not
defined at a is not the same as it being impossible to analytically extend f
to a. See also case R of the next definition.

e Another quirk of this term is that the term itself suggests that if a singular
point is not an isolated singular point, then there must be other singular
points close to it. This is not necessarily the case. For example, 0 is a
singular point, but not an isolated singular point, of any branch of /z,
since 4/z cannot be defined analytically on a punctured neighborhood of 0.

Since this terminology is established and widely used, we will have to put up with
this.

Definition 18. Suppose a is an isolated singular point of f. Expand f in a Laurent
series at z = a. There are three options:

R Principal part is zero: ¢, =0 forn < 0. In this case a is called a removable
singular point.

P Principal part is nonzero but contains only finitely many nonzero terms:
¢n =0 forn < —N. In this case a is called a pole, and the largest power of
1/(z — a) is called the order of a pole. (In other words, order of a pole is a
number N such that ¢, =0 forn < =N and c_n #0.) A pole of order 1
is called simple.

E Principal part contains infinitely many nonzero terms. In this case we say
that a is an essential singular point.
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REMARK. This definition, in particular, works for Laurent series at infinity, in
which case the principal part is the sum of positive powers (sign on n should be
reversed in the formulas above in that case).

Theorem 53. (Classification of isolated singular points) Let a be an isolated sin-
gular point of a function f(z). Consider the limit

lim f(z).

zZ—a
Then there is the following relation between type of singularity at z = a and value
of this limit:
R & the limit is finite (or, equivalently, f(z) is bounded in a neighborhood of
point a),
P < the limit is infinite,
E & the limit does not exist.

Proof. Case R:
If f is bounded in a punctured neighborhood of a, (which is true if a finite limit
at a exists), then by Cauchy’s Inequalities (Corollary [9), [c—,| < M/p~™. Taking
limit p — 0, get that c_,, = 0.

Other direction is obvious: if ¢_,, = 0, then function is represented by a Taylor
series.

Case P:
Let lim,_,, f(2) = 00. Put g(z) = 1/f(2). Then lim,_,, g(z) = 0. By the previous
case, g is bounded in some punctured neighborhood of a, so g expands in a Taylor
series at a with first nonzero coefficient ¢y, k > 1:

9(2) = ar(z —a)* + eppa(z — )" 4=z — a) (14 0(2)),
where p(a) =0, so 1 + ¢(z) # 0 on a neighborhood of a. Then ﬁ@ is analytic

in a neighborhood of a, expands in a Taylor series at a, and is nonzero at a. Then

1 1 1 - n_ Antk (o)
f(z):ck(z—a)k.l—l—ga(z):ck(z—a)kga”(zia) = Z ch ( )"

n=—k

o0

which exactly means that f has a pole of order k at a.
Other direction: f(z) = ZZ=1 con(z—a) "+ 377 s cn(z —a)™. The latter sum
is analytic, while the former sum — oo as z — a.

Case E:
There are no other possibilities left for either direction of statement. O

ExaMPLES. All of the following (when the points are actually isolated singular)
can be established by either inspecting the corresponding limits, or by finding
principal part of Laurent series.

(1) f(z) = 1/2° has an order 5 pole at 0 and is analytic (has removable sin-

gularity) at oo since f(1/z) = 25, which is analytic at 0 (or since oo is an
isolated singular point and the limit of Zis at oo is finite).

(2) A polynomial of degree n has a pole of order n at infinity.
(3) e'/# has an essential singular point at 0 since this function is analytic on C
and

lim e/ =00, lim e/* =0.
x—0+ r—0—
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One can also readily see that by looking at Laurent series of e!/~.

(4) 1/cos(1/z) does not have an isolated singular point at 0 since cos(1/z) has
zeros in any neighborhood of 0. NOTE that one can show that lim,_,¢ does
not exist, but it does not imply that we have an essential point, because to
apply Theorem [53| we need to have an isolated singular point in the first
place.

At zp = 1/(5 + mk), 1/cos(1/z) has simple poles (why?). Finally, at
oo (notice that 1/cos(1/z) is analytic for |z| > 2/7) the singularity is
removable since lim,_,, 1/ cos(1/z) = 1/cos0 = 1.

(5) f(z) = \/z does not have an isolated singular point at 0 since /z is not
defined in a punctured neighborhood of 0. NOTE that lim,_,o f(2) = 0, but
it does not imply that we have a removable singularity, because to apply
Theorem [53| we need to have an isolated singular point in the first place.

(6) f(2) = 1/+/z does not have an isolated singular point at 0 since /z is not
defined in a punctured neighborhood of 0. NOTE that lim,_,o f(z) = oo,
but it does not imply that we have a pole, because to apply Theorem [53| we
need to have an isolated singular point in the first place.

(7) tanz has simple poles at zeros of cosz, that is at z € {§ + 7k}. Infin-
ity is not an isolated singular point since there are singular points in any
neighborhood of infinity.

For essential singular points there is a stronger statement.

Theorem 54. (Casorati-Weierstrass, or Sokhotski Theorem) If a is an essential
singular point of a function f, then for every A € C there is a sequence z, — a
such that f(zp,) — A as n — oo.

Proof. Suppose this statement fails for A = co. Then f is bounded in a neighbor-
hood of a, so a is in fact a removable singular point.

Suppose the statement fails for a finite A, which means that there is a neigh-
borhood B of A such that values f(z) miss B for all z in any, however small,

neighborhood of a. Therefore a function g(z) = f(z%A is analytic in a neighbor-

hood of a, so a is a removable singular point for g. But then since f(z) = A+ ﬁ,
a is either removable singular point of f, or a pole of f. (I

REMARK. In fact, even stronger statement is true (Picard’s Theorem): in any
neighborhood of an essential singular point, f must take all values except, perhaps,
one.

ExaMPLE. Consider the function f(z) = sin1. This function has an essential
singular point at 0. Given an A € C, find wg such that sin(wg) = A (sin is
surjective). Then for z; = 1/(wo + 27k), sin(1/z;) = A. Therefore, given an
arbitrary A € C we found a sequence zp — 0 s.t. the sequence of values of f not
only approaches A, but is actually constant and equal to A. Also note that by
considering g(z) = sin z we can organize the same behavior at oco.

12.2. Meromorphic functions. Note that if a function has a pole at point a, it
is relatively “tame” on a neighborhood of that point, since in such case

k

f)=cplz—a)+.. . +calz—a) P teptalz—a)+...=(z —a) Fp(2),

where ¢ is analytic at a. With that in mind, we give the following definition.
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Definition 19. Let G be a domain. If a function f is analytic in G except a finite
number of points, all of which are poles or removable singular points, we say that
f is meromorphic in G.

EXAMPLE 1. Any rational function is meromorphic on any domain. (Recall that
rational function is a ratio of two polynomials.)

ExXAMPLE 2. The function f(z) = 1/sin z has simple (order 1) poles at zeros of
sin z, so f is meromorphic on any bounded domain, but not on C (infinitely many
poles) or C (infinitely many poles, and oo is a singular point that’s not a pole, in
fact, not an isolated singularity).

REMARK. Sometimes (in fact, in most textbooks) the requirement that there are
only finitely many poles is omitted in the definition of meromorphic function. The
resulting notion is close since by Uniqueness Theorem any compact subset of the
domain will contain only finitely many poles. Within such terminology, the above
function 1/sin z is meromorphic on C but not on C.

Note that if G = C, then the words “finite number” can be omitted from the
definition, because if a function has infinitely many poles, then by compactness of
C the set of poles has a limit point in C, making it not a point of analyticity and
not a pole.

Theorem 55. Suppose [ is an entire function. Then infinity is a removable sin-
gular point for f if and only if f = const, and is a pole of order n if and only if f
is a polynomial of degree m.

Proof. If oo is a removable singularity, then by classification theorem f is bounded
and therefore f is constant by Liouville’s Theorem. Other direction is clear.

If oo is a pole of degree n, that means the principal part of the Laurent expansion
at infinity is a polynomial of degree n. Since f is analytic, there are no negative
powers in Laurent expansion. O

With the above theorem in mind, we can say that Liouville’s theorem states that
a function analytic on C must be constant. Being meromorphic on C also turns out
to be a strong constraint, as we see in the following statement.

Theorem 56. A function f(z) is meromorphic in C if and only if f is a rational
function.

Proof. Suppose f is meromorphic in C and a, as, . . ., a, are the poles of f. Expand
f in a Laurent series at each ay. At each a, the principal part of Laurent series is

) Then the function

f(z)—ipk (=)

is entire, and therefore is a polynomial P(z) by the previous theorem, so

(16) ra=re+yn (o).

k=1

a polynomial Py (

which is a rational function. O

REMARK. The polynomial P(z) above, up to a constant, is just the principal
part of the Laurent series of f at oc.
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REMARK. Observe that the equation [I6]is nothing other than decomposition of
f into partial fractions.

Theorem 57. Any bijective memmorphi mapping f : C — C is a Mébius trans-
formation.

Proof. We have two cases, whether oo = f~!(00) or not.

CASE 1. oo = f~!(c0). This means that f is analytic on C and has a pole
at co. By Theorem f is polynomial. By Fundamental Theorem of Algebra
(Corollary [4)), the equation f(z) = zo, where f’(z0) # 0, has deg f distinct roots, so
in order for f to be injective deg f must be 1, i.e. f(z) = az+ b, which is a Mdbius
transformation.

CASE 2. 00 # f~!(00) = A. This means that f has a removable singularity
at oo (because by bijectivity, f(co) must be finite), and a pole at A (because
f(A) = oo, so it satisfies case P of Classification theorem [53). Therefore, f is a
polynomial of Z_% (see proof of Theorem . Same as above, this polynomial
must be of degree 1 to allow injectivity, so f(z) = —%5 + b, which is a Mdbius
transformation. (|

12.3. Residue theorem. Suppose a function f is analytic in G except for finitely
many points a1,...,a,. Suppose a closed simple rectifiable curve ~ is such that
yUI(y) € G, and ay,...,a, € I(y). Then the points a; “get in the way” of
applying Cauchy Theorem to f f. But we can put a small circle v around each
point 7, then by Cauchy Theorem for a system of contours we have

/f(z)dz = Z f(z)dz.

k=1"Y7k
Note that if ), ¢, (2 —ag)™ is a Laurent expansion of f at ax, then we can integrate
f termwise:
(2)dz = 2mic_4.
Tk

Definition 20. The Laurent coefficient c_y in the Laurent expansion of f at an
isolated singular point a is called the residue of a function f at the point a, denoted
res f.

a

If a is a regular (or removable singular) point of f, res f = 0.

Theorem 58. (Residue Theorem) Suppose G is a domain, 7y is a closed simple
rectifiable curve v is such that yUI(vy) C G. Suppose f is analytic in G, except for
points ai,as,...,a, € I(y). Then

n

/f(z)dz = 27i Z rgsf = QWinaes f.
~ k

a€l(vy) k=1

Proof. By Cauchy Integral Theorem for a system of contours, switch to integrating
along small circles 7, around the points ay, then use the formula f% f(z)dz =
2mic_1 above, and the definition of a residue. O

41f we view C as a Riemann sphere, we can say “analytic” instead of meromorphic, which
sounds prettier.
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REMARK. The statement also works for a system of contours.

REMARK. If we use stronger version of Cauchy’s Theorem (theorem , we can
generalize this statement to v = G, where G is a bounded domain and f analytic
in G and continuous in G, except for finite number of points.

Lecture 13. RESIDUES AND THEIR APPLICATIONS. ELEMENTARY
MULTI-VALUED FUNCTIONS

April 26, 2017
Relevant Sections in Markushevich:
11.2.6-7, 1.11.53-54,56.

13.1. Computing residues.
(1) If @ is a pole of order 1, then
f2)=ca(z—a) ' +cp+eci(z—a)+...
SO
resf=c_; = 1131(2 —a)f(z).
In particular, if f(z) = z((’z;, where h has a simple zero at z = a, that is
h(a) =0, h'(a) # 0, then

resf = lim(s - a)f(s) = iy 00
oy IR0 ()
z—a hI(Z)
_ 9(a)
W(a)

by L’Hospital’s rule (follows by writing out Taylor series in z — a in the
numerator and denominator).
ExAMPLE. Keeping the above in mind sometime saves time:
z—1 ) (z —1) ) 1 i

FPaete T i neone — 1 T S 2016 — 1y T 2 20162205 2016

(2) If a is a pole of order n, then

c_ c_
f(z):ﬁ—&—...—i—Z_la—|—c0+cl(z—a)—|—...,

SO

(z—a)"f(z2)=c_pn+...+c1(z—a)" T4z —a)" +...,

and o
it EE-a)") == Dleg +...
thefore
_ 1 . a1t .
r(aasf =c1= =1 lim —=3 (f(2)(z—=a)™).

(3) If a is an essential singular point, then to find a residue at a, one needs to
expand f in a Laurent series and find ¢_; explicitely, or to integrate along
a closed curve encircling a (which defeats the purpose of notion of residue,
but still).
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. 1 1 11 n
sin(=|==—-=—=+...
z z 323 ’

1
res sin () =1.
0 z

13.2. Using residues to compute integrals. Residues, of course, can be em-
ployed straightforwardly to compute integrals.
EXAMPLE.

EXAMPLE.

SO

sin z sin i sin z sin(—4)  sin¢
res ——— = ——,  Tes = —_—

i 2241 2 i 2241 2(—i) 20

sin 2 . sin 2 sin z L
/ —dz =2mi <res 5 +res — > = 2msinq.
|zj=2 27 + 1 i 2241 —izt41
13.2.1. Using residues to compute real integrals. More interestingly, residues can
be used to find real line integrals. There are quite a few classes of integrals that
can be computed by certain standard tricks. They are best found in undergraduate
complex analysis books. Below we list just a few of examples, without going too
much into details.
(1) Suppose P and @ are polynomials such that deg P < deg Q —2, and Q(x) #
0 for x € R. The the following improper integral converges:

=/ o

We can compute this integral using residue theorem. Consider contour Lg
that consists of a segment of real line [—R, R] and upper semicircle yg of
radius R. Then

SO

dz.

R
P(Z)dz:/ P, [ PR
Ly Q%) ~r Q%) v @2)
Note that the second integral goes to 0 as R — oo:
P 1
(Z)dz’ <M-— 7R 0.
v Q(2) R
Therefore, taking R — oo (in particular, semicircle of radius R then con-
tains all zeros of @ in upper half-plane), we have

P

I =2m Z res —,
Imag>0 @k Q
where a; are all zeros of @), so the summation is over all zeros of ) in the
upper halfplane.

(2) Integrals of the form

/_(: gg; cos ax dzx, /:: ggg sin ax dzx,

where deg P < deg@ — 1, Q(z) # 0 on R, and « > 0, can be computed by
considering integral of the function
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along the same contour Lg as in the previous item:

P(Z) Tz Y = R P(Z)eiaz p P(Z)
Lo ! */,R I R STE

The integral along vg goes to 0 (R — o00), but it is not as immediate
as in the previous case. In fact, it’s a whole named statement, Jordan’s
Lemma. We don’t prove it or even state it here for lack of time. Taking it
for granted, we can take real and imaginary part of the limit (R — oo) of
the above equality to see that

[

where f is defined above.

We will properly define the power function z® later in this lecture. For
now, let’s take it for granted. Then we can compute the integral

/oo x*P(x)dx
0 Qz) 7
where 0 < o < 1, deg P < deg@ — 2, Q(x) # 0 for z > 0, and Q(x) has a

zero of order at most 1 at the origin (order of zero will be also introduced
later in this lecture).

e"“*dz.

cosax dr = =27 Z Im(res f)
ag

Imag>0

and

sinax dr = 2w Z Re(res f),
ay

Imag>0

P(x)
Q(x)

Consider the function f(z) = Z;F(;()Z ) and the “incised circle” contour

that goes from ei to R+ €7 in a horizontal straight line, then makes almost
a full circle from R+ €i to R — €i, then straight line to —ei, then clockwise
semicircle back to €i. Taking limit as ¢ — 0 and R — oo, we can see that

° x*P(x)dx 2mi
/0 Qz)  1— eio2r az res I

k70

where f is defined above, and the sum is taken over all residues at nonzero
poles.
We can also compute integrals of the form

2m
F(cosf,sinb)db,
0
where F' is a reasonable function (for example, any rational function). To
do that, we notice that if z = e? then cosf = 1(z + 1), sinf = L(z — 1),
and dz = ie?®df, so df = %. Finally, notice that, for 0 < 6 < 2, the point
z = € traverses the unit circle v, so we have
2m

d
F(cosf,sinf)df = / F(3(z+1),L(z-1)) G Z res f,
¥ = Jaxl<1 "
F(lealy Lt
where f(z) = (2(2 2322’(2 Z)), and the summation is over all residues
inside the unit circle.
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13.2.2. Using residues to find sum of series. Another amusing application of residue
calculus is finding sums like

i":17+1+ N 2
= n? 22 0 32 6

The idea is to organize a function with residues n% and look into its integral along

an appropriate contour. This is done in detail in Homework.

13.3. Multiplicity of zeros and poles. Relation between number of zeros
and number of poles. There is a notion “twin” to the order of a pole.

Definition 21. Suppose f is analytic at a. Then we say that a is a zero of order
Eif fla) = f'(a) = ... = f*D(a) = 0 and f®(a) # 0. Equivalently, f(z) =
(z — a)*p(2) with ¢ analytic at a and p(a) # 0. If f =0, we say that multiplicity
is infinite.

Recall that a is a pole of order k if f(z) = (ffz))k , where ¢ is analytic at a (recall
that this means “analytic on a neighborhood of a”) and ¢(a) # 0.

In other words, if a is a regular point or a pole of f, we can find a number m
such that f(z) = (z — a)™¢(z), where ¢ is analytic at a and ¢(a) # 0. Then the
number ord, f = m is called order of point a (with respect to a function f).

It is easy to see that ord,(fg) = ord, f + ord, g.

Suppose f is analytic in a neighborhood of a point a, and a is a regular point or
a pole of f.

Lemma 7. If a is a regular point or a pole of f, then

res <‘§:> = ord, f.
Proof. Let n = ord, f. Then f(z) = (z — a)"p(z), where ¢(z) is analytic at a and
p(a) # 0. Then f'(z) = n(z — )" Vep(2) + (2 — a)"¢/(2), s0

f'(z) _nz=a)" () +(z=a)"'(z) _ n  ¢()

f(2) (z —a)"p(z) z—a  p(z)
Function i'((j)) is analytic at a, so res fTI =c_,=n. O

Theorem 59. Let G be a domain, v a simple rectifiable closed curve contained in
G together with its interior, yUI(y) C G, and let a function f be meromorphic in
G without zeros or poles on y. Then

/
L[, _N_p
2mi J, f(2)
where N is the number of zeros of f in I(y) and P is the number of poles of f in
I(vy) (counting multiplicity).

Proof. By Residue Theorem we get that

L (1), _ f
2 Wf(Z)dZ_ Z rLSCS—.

ar€I(7)
By the Lemma above, the latter sum is just N — P, since a zero of multiplicity n
contributes n to this sum, and a pole of multiplicity n contributes —n. [
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REMARK. Just like Residue theorem, this also holds for v that is a boundary of
a bounded domain, or for a v that is a system of contours.

The expression fTI is called a logarithmic derivative of f, since “(In f(z)) = %.”
This gives us another approach to compute the integral in the above theorem,
by using the Fundamental Theorem of Calculus. However, that will involve the
multivalued function Ln, so to proceed with that plan we first need to properly

explain how to deal with multivalued functions.

13.4. Elementary multi-valued functions. This sections is somewhat of a crutch
to avoid dealing with the general construction. But we actually do not need arbi-
trary multi-valued functions here, but rather just a few of them.

Suppose G is a domain in C, and f : G — C is a function for which we want to
consider an inverse f~! : f(G) — G. The problem is that f is not assumed to be
injective, so f~! may not be defined a (single-valued) function.

Definition 22. A (single-valued) function F': A — B is a subset ' C A x B such
that

(1) For any a € A, there isb € B s.t. (a,b) € F. Notation: F(a) =b.
(2) For any a € A, if (a,b1) € F and (a,b2) € F, then by = by (“vertical line
test”).

A multi-valued function F': A — B is a subset ' C A x B such that
(1) For any a € A, there is b € B s.t. (a,b) € F. Notation: F(a) =b.

Other way to give the same definition is to say that a multi-valued function
F : A — B is a (single-valued) function from A to the set of nonempty subsets
of B.

Return now to our case, f : G — C. If function f is not injective, the function
f~1 is multi-valued. Below we construct so-called single-valued branches of f~!.

Suppose (!) that there are countably many subdomains G1,Gs, ... of G so that

e (3;’s are disjoint, i.e. G, NGy =0 for k # k',

e restriction f|g, is injective for each k,

e every point z € G is either a point of some Gy, or is a point of common
boundary of at least two distinct Gi’s: z € G or z € G, NIGy:, k # k.

Let E denote the union of the points of G that lie in common boundary of at least
two subdomains Gj. Then G decomposes in a disjoint union:

G=EUG UGyU...

Then, since f is injective on Gy, it has a single-valued inverse (f|g, )~ : f(Gk) —
Gy C G, which we denote by f,;l. Each function fkfl is called a single-valued
branch of f~1.

Note that there is no guarantee that such decomposition exists. One can prove
that it exists if f is analytic, but that’s outside this course. We, however, are only
going to need this for few specific functions, so we need not worry about the general
case.

ExaMPLE. Consider f(z) = 2™, n a positive integer. Then one can easily give an
appropriate decomposition, for example, one shown in the Figure [} the full angle
at the origin is divided into n equal angles.
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G —_—
1 1)

FIGURE 4. On the left, the bolded part is the set £. On the right,
f(Gr) = C\ Rxo.

In this example, G, = {2z € C | 2n(k — 1)/n < argz < 27k/n}. For instance,
taking k = 1 we get an injective function 2"|g, whose inverse {/z is defined on the
domain C \ R>¢ and valued in G; = {z € C |0 < arg z < 27/n}.

Note that the domain f(Gy) in the Fig. |4|is not all that good: it misses all non-
negative reals. So the branches of nth root that correspond to the decomposition
in that figure are not defined on non-negative real numbers, which is really incon-
venient. But this is not actually a problem, because we can just pick a different
decomposition G = EUG; UGy U. .. (see Fig. )

E
G2 ;>

f(G1)
Gy

FIGURE 5. On the left, the bolded part is the set E. On the right,
[(Gr) = C\ f(E).

A decomposition G = FU Gy UGy U ... is often implied when dealing with
multi-valued functions. For example, typical phrase in a book would be “Let /x
be a branch of square root on the domain D = {Rez > 0} such that v4 = 2.
This means that the decomposition is picked so that f(Gj) contains the domain
D (i.e. f(F) misses D), and then a branch is picked so that the corresponding
G, contains the point 2. Sometimes mention of a specific domain D is omitted; in
such case, it is implied that D is a neighborhood of the point (in the example, a
neighborhood of the point 4). There is ambiguity in the choice of the decomposition
G = FUGyUG> U... in either case, but as long as image of some G contains
D, it gives the same values of the single-valued branch on D. Indeed, given two
decompositions G = FEUGL UG U ... = UG UGLU..., if D C f(Gy) and
D C f(G}), then f~1|g, and f_1|G/1, while being different functions, take the same
values on D because those values belong both to Gy and G .
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13.4.1. The nth root function. Let f(z) = z™. Then split C into pieces
Gp={z€Clag+2n(k—1)/n <argz < ap+2rk/n}, k=1,2,...,n,

with arbitrary ag. This gives n single-valued branches of the nth root function,
each defined on the set C\ {Argz = nap}.

13.4.2. The complex logarithm function. Let f = e*. Since e* is 2wi-periodic, we
can cup up the complex plane into countably many horizontal strips of the hight
2m:

Gpr={z€C|y+2rk<Imz<yo+2r(k+1)}, keZ

On each G} the exponential is injective. We get countably many single-valued
branches of the complex logarithm, denoted Ln z, each defined on the set C \

exp({z +iyo}) = C\ {Argz = yo}.

13.4.3. The exponential function with arbitrary base. Now that we have Ln, we can
define a* for arbitrary nonzero a € C. Just put

a? = e? Lna.
One can easily see that each branch of this function satisfies all the usual properties
of the exponential function.

EXERCISE. Check that z'/™ defined like that is the same function as {/z defined
in the Subsection [3.4.1]

Note that all our machinery applies to single-valued branches of these functions.
In particular, they all are analytic on the corresponding domains, and one can
easily find their derivatives, Taylor series, etc, using usual calculus techniques. For
example, one can see that the Taylor series are as follows.

In(l+2)=2—2%/24+23/3 - 2/4+2°/5 - 25/6+...,
for a branch s.t. Ln(1) = 0. Radius of convergence is 1 (exercise: why?).

(1 + Z)a —14+az+ a(a2—1) 22 + a(oz—lg(oz—2) 23 + a(oz—l)((;;?)(oz—?)) 2’4 +

w notation,

S

k=0

or using () =

for a branch s.t. 1 = 1. Radius of convergence is oo if « is a non-negative integer,
or 1 otherwise (exercise: why?).

13.4.4. Defining f~' on a curve. We will need one more particular thing: now
we can define values of, for example, f~1(2) = Lnz along a given curve. Indeed,
let v : [a,b] — C be a curve that does not pass through 0. Then we can find a
continuous image of v under f~! as follows. Pick arbitrary initial value of f~! at
v(a). Then partition [a, b] into intervals [a;, a;11] so that the corresponding pieces
v; : laj,aj41] — C stay inside some f(Gy), except for maybe v(a;) € f(FE) and
Y(aj+1) € f(E). Assume that each point y(a;) is either a point of some f(Gy),
or a point of common boundary of exactly two f(Gy)’s (as it is the case with Ln).
Then as we pass through the points y(a;) we have a unique choice for a branch of
71 on ;41 given such choice for v; (see Fig. [6)).
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Im Im /Ln('y(b))
. Tatr(a2))
—
15 [y | Ln(y(a1))

Ln(v(a))e] Re

(b= as)

v(a = ao)

FIGURE 6. Starting with an arbitrary value of Ln at y(a), we can
“lift” continuously the whole curve.

Note that even if the curve v is closed (y(a) = (b)), it does not guarantee
that f~(y(a)) = f~1(y(b)). The value f~(y(b)) — f~*(v(a)) is the net change of
g = f~! (in our example, of Ln) along 7, denoted

AL (g9) = g(v(b)) — g(v(a))-
Lecture 14. ARGUMENT PRINCIPLE AND ROUCHE THEOREM. BONUS TRACK

May 3, 2017
Relevant Section in Markushevich:
11.2.7.

14.1. Argument Principle, Rouché Theorem, and Open mapping theo-
rem. In Theorem |59 above we got the formula

1 [ f(z)
2mi J, f(2)
Now that we know what complex logarithm is, we can say that f'/f = (Ln f)’ on

each specific branch of Ln. So we cut up the curve 7 as in Subsection and
on each piece 7y, with endpoints oy, 8 we have

i J;((j)) dz = Ln f(By) — Ln f(ox) = Ay, L f,

where A;g stands for a change of value of a function g along a curve [, as defined
in Subsection [13.4.4] Now sum up the corresponding formulas for all k. We get

CPNS
/Wf(z)dZ—A,YL I

Lucky for us, Ln is a relatively simple function. Inspecting the equality e**% =
e*(cosy + isiny), we get that

dz=N —P.

Lnz =In|z| + iArg 2.
Function In |z| is single-valued, so A, In|f| = 0, therefore
A, Ln f =iA,(Arg f).
To sum up, ﬁ, %dz is ¢ times the angle that f travels while z goes along ~.

Notice that if 7 is a closed curve then A, Ln f is a multiple of 27 (since values
of Ln at the same point can only differ by 27win). The integer number ﬁA'y Lnf=
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5=, (Arg f) is called the index of v w.r.t. 0 (or winding number of v w.r.t. 0).
Notation: indg(7y). In plain terms, this is the number of loops (full turns) that ~
makes around 0.

Theorem 60. (Argument Principle) Let G be a domain, v a simple rectifiable
closed curve contained in G together with its interior, y U I(y) € G. Let f a
function meromorphic on G, without zeros or poles on y. Let N be the number of
zeros of f in I(v) and P be the number of poles of f in I(7y) (counting multiplicity).
Then

N_P= %AWArgf = indo(f(7))-

Proof. By Theorem [59] we know that

1 1'(2) 1
N-P=_— dz=—A,(A .
2mi /., f(2) T 2(Are f)
The latter is, by definition, equal to indy(f(¥)). O

By N; we denote the number of zeros of a function f (counting multiplicity).

Theorem 61. (Rouché Theorem) Let G be a domain, v a simple rectifiable closed
curve contained in G together with its interior, v U I(y) C G. Let functions F,g
be analytic in G, and let |F(z)| > |g(2)| for all z € v. Then F + g has the same
number of zeros in I1(vy) as F does:

Npiy=Np

Proof. Since |F'(z)| > |g(#)| on ~, it is also > 0, so F' does not have any zeros on
~v. Since |g| < |F| on «, neither does F, so we can apply Argument Principle:

Npig = %AwArg (F+g) =
oo (1 (1 ) -

1 1 g
= %AA,ArgF + %AWArg (1 + f) .

Note that A, Arg (1 + %) = 0 since ‘%‘ < 1. Therefore

1
NF+g = %AVArgF = NF
t

REMARK. Note that we haven’t really used analyticity of f other than to apply Ar-
gument Principle. Therefore, the same statement is true for meromorphic functions
and the value N — P, that is Npi4 — Prig = Np — PF.

REMARK. Another observation is that asking |F| > |g| is a bit more than it is
necessary for the proof to work. Indeed, we only need 14 4 to not go around the
origin, while we condition of the theorem provides a stronger restriction: that 1+ 4
stays in the disc |z — 1] < 1. The same proof will work if we ask that the value
1+4% = % is simply never negative. Note that a ratio of two complex numbers is
a negative real if and only if their arguments differ by 7. In our case it just means
that we want to forbid the equality |F'+ g|+ |F| = |g| (see Fig.[7l Since by triangle
inequality |F + g| + |F| > |g|, the requirement becomes |F' + g| + |F| > |g| at all
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I +g

FIGURE 7. Forbidden sum in Rouché theorem.

points of . This is easier to satisfy than |F| > |g| because of the extra term |F + g|
in the left hand side.

EXAMPLE 1. Find number of roots of the equation
200 178 eF 1 3i =0

of absolute value less than 1.

Put F(z) = 728, g(2) = 22017 —e* 4+ 3i, v : |z| = 1. Then |F(z)| = 7 on 7, and
lg(2)] < 1+e+3 < 7 on v. By Rouché Theorem, the function 22°17 + 728 — e* + 3i
has the same number of zeros inside v as F/(z) = 728, i.e. 8 zeros.

EXAMPLE 2. Find number of roots of the equation

2017 L 7.8 _eF 4 3i=0

of absolute value less than 2.

Put F(z) = 22017 g(2) = 728 —e* +3i, v : |2| = 2. Then |F(z)| = 22°'7 > 10000
on v, and |g(z)] < 7-2% + €2 + 3 < 10000 on 7. By Rouché Theorem, the function
22017 4 728 — % + 3i has the same number of zeros inside v as F(2) = 22017 i.e.
2017 zeros.

Observe also that by the preceding example, we also know that precisely 2017 —
8 = 2009 of those zeros are in the annulus 1 < |z]| < 2.

EXAMPLE 3. Find number of roots of the same equation

25— 422 47:2-3=0

of absolute value less than 2.

Put F(z) = 2% g(2) = —422 + 722 — 1, v : |2] = 2. Then |F(2)| = 25 = 64
on v, and |g(z)] < 32+ 28 + 3 < 64 on 7. By Rouché Theorem, the function
2% — 423 + 72% — 3 has the same number of zeros inside v as F(z) = 2%, i.e. 6 zeros.

Note that Example 3 can be done without the Rouché theorem, because by a
similar estimate, the term 22917 dominates other terms on the annulus |z| > 2, not
just on the circle |z| = 2. Since the function is a degree 6 polynomial, we know
that there are 6 zeros in C. Since there are none in the annulus |z| > 2, it follows
that all 6 are in the disk |z| < 2..
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Rouché theorem also gives an easy way to prove the Fundamental Theorem of
Algebra. Indeed, for a polynomial

f(z)=2"4+ap12""'+...+arz+ap, n>1,

set
F(z)=2"and g(2) = an_12""' 4+ ...+ a12 + ap.
Since g(z) is of degree n — 1 < n, for R large enough we have that |F(z)| > |g(2)]
provided |z| = R. Therefore, f(z) has as many zeros in the disc |z| < R as
F(z) = z™ does, that is n zeros.
Yet another corollary of Roucbé theorem is the following statement.

Theorem 62. (Open mapping theorem, open mapping principle) Analytic non-
constant function defines an open mapping, i.e. if G is a domain and f # const is
analytic on G, then f(G) is also a domain.

Proof. f(G) is connected since G is connected and f is continuous. So we only
need to show that f(G) is open. Suppose b € f(G), that is there is an a € G s.t.
f(a) =b. Since f # 0, then by Interior Uniqueness Theorem there is a closed
neighborhood B (a) such that f(z) # b for any z € B.(a),z # a. (Otherwise we
would be able to construct a sequence z, — a such that f(z,) = b and that would
mean that f =b). Put

d= min |f(z) —b] > 0.

|z—al=¢
Consider an open circle of radius ¢ centered at b. Suppose a point w lies in this
circle. Show that w has a preimage in GG. Indeed, write

f(z) —w=(f(2) = 0) + (b —w).
Put F(z) = f(z) — b, g(2) = b —w in Rouché Theorem. Then |g| < ¢ (because w is
inside a circle of radius ), while |F'| > ¢ for |z—a| = €. Then Np, 4 = Np. We know
that f(z) — b has at least one zero, so N4 is also > 1, which precisely means that
w has a preimage. We showed that f(G), together with a point b € f(G), contains
its open neighborhood of radius § > 0. Therefore, f(G) is open. O

Open mapping theorem is quite a strong statement. For example, Maximum
Modulus Principle follows immediately from open mapping theorem.

14.2. Bonus track: Riemann zeta-function and the statement of Riemann
Hypothesis. This section is not included in Final.
In the Homework Assignment 13, we computed the sums

1 o 1
Z w2 and Z T
k=0 k=0
One can define the same sum for an arbitrary exponent s € C:
= 1
C(S) = Z E7
k=0

where we can define k* = e*!"*. Note that this series does not always converge. In
fact, we can only guarantee that it converges if Res > 1. Indeed, if Res > g¢ > 1,
then the series is dominated by

= 1

Z koo’

k=0
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so by Weierstrass M-test (Theorem the series uniformly converges in the region
Res > og for any oy > 1. Further, by Weierstrass theorem the sum is analytic
on the domain Res > 1.

The function ((s) defined above is called Riemann zeta-function. We can now
“state” the famous Riemann Hypothesis.

Riemann Hypothesis. All zeros of Riemann zeta-function ((s) in the right
half-plane Re s > 0 are located on the vertical line Res = %
(See also restatement in the end of this section.)

Of course, for this to make sense we need to define ((s) on a region that at least
contains that line. Below we extend ¢ to the domain Re s > 0.
One can view the following lemma as a discrete analogue of integration by parts.

Lemma 8. (Abel transformation) Let (a,) be a sequence in C, x € R, xz > 1. Put

A(z) = Z .

n<lx

Let g(t) : [1,+00) — C be differentiable. Then

> angle) = Alwlgta) ~ [ A0 (@)

n<lz

Proof. Denote B(x) =), .. ang(n).
Let = N € Z first. We have

N N
B(N) = Y ang(n) = (A(n) = A(n —1))g(n) =

n;l 7\/:_11
= > A(n)gn) = > Aln)g(n+1) =
n=1 N_Tifl
= A(N)g(N)—= ) _ A(n)(g(n+1)—g(n)),
since A(0) = 0. Then we get
N-1
B(N) = A(N)g(N)— ) An)(g(n+1)—g(n) =
]7\7}111 n+1
= AN = 3 Aw) [ g0 =
N
= AN)g(N)— [ A(t)g (t)dt,

so the case x = N is done. Now for arbitrary = > 1, put & = N + {z}, where
{z} = x — [z] is the fractional part of z, and plug it in the required equality
(exercise). O
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Note that if we additionally know that A(z)g(z) — 0 as & — oo, then by
Lemma [§ we get

a7) S ang(n) = - / Al (e,

where the latter is an improper Riemann integral.
Now apply this to the sum that defines zeta-function: put a, = 1 and g(z) =
(x 4+ 1)75. Then A(x) = [z], so A(z) < z and

lim A(z)g(z) = lim T __9
T—00 S

if Res > 1. So we have

so applying we get
((s) = / =1 7/1 [t](—s)(t+1)"°"1dt =

-1
/ s)(t+1)" s—1dt:1+s/ [tsﬂ}dt:
1

1+8/ t-1-{t}
1

ts+1

> gt o ~ (1
— 1 @°_ dt — AL Gy
o w0 wm 5/1 o1

o0
t
= 1+st—si- s/ {}
1

s t5+1

So we get the expression
1 < {t}
(18) C(S):l‘f‘;_s/l ) dt.
Note that {z} is bounded by 1, so the latter integral converges whenever Re s > 0.
Moreover, the latter integral is

e} {t} n+1 t— TL
tS'H Z ts+1

By Weierstrass M-test this series converges unlformly on the region Res > g9 > 0,

since
/”Ht—ndt‘ _ 1
n ts+1 — cherl

Note further, than each f e fsﬁ dt is analytic on the domain Re s > 0 (the integral
can be evaluated expllcltly) so by Weierstrass theorem, the sum of series is analytic
function on that domain. Now we see that defines a meromorphic function on
the right half plane Re s > 0, and this function coincides with > ni on the domain
Res > 1. (Moreover, note that the function ¢ has only one pole, at s = 1, it’s a
simple pole with r(les( =1.)

So the formula extends ¢ to the domain Re s > 0, and now the statement of
Riemann Hypothesis makes sense. Note that through a more complicated reasoning

1
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one can extend (¢ to the whole complex plane C. In that case ( is still meromorphic
with a unique pole at s = 1, and essential singularity at oco. Moreover, { has zeros
at even negative numbers: 0 = ((—2) = ((—4) = .... These are called trivial zeros
of (. The Riemann Hypothesis states that aside from trivial zeros, all zeros have
real part 1/2. (It is not a significant change over the previous statement in the
beginning of the Section that we fully understand; but it is usually the way you
will see the Riemann Hypothesis stated, so it is worth it to include it here even
though we haven’t done the work to extend ¢ to Res < 0.)

Riemann Hypothesis. All nontrivial zeros of Riemann zeta-function ((s) are
1

located on the vertical line Res = 5.

Riemann Hypothesis is one of the most important unsolved problems in math-
ematics, (arguably) of the same caliber as (solved) Fermat Theorem, (solved)
Poincaré Conjecture, P versus NP, Navier—Stokes existense/smoothness, and few
others (see Millennium Prize Problems for the list). Proving or disproving Rie-
mann Hypothesis would give a deep insight into several areas of mathematics, most

immediately Number Theory and distribution of primes.
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